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Abstract 
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tension ('t Hooft coupling) and the square of large angular momentum in S 5 . They 
allow one to quantitatively check the AdS / CFT duality in non-supersymmetric sector 
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the string theory - gauge theory duality 
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1 Introduction 



Better understanding of the duality between type IIB superstring theory in AdS§ x 
5 5 and planar limit of M = 4 supersymmetric Yang-Mills theory £Q and extending it 
to less supersymmetric cases may allow us to find simple string-theoretic descriptions 
of various dynamical aspects of gauge theories, from high-energy scattering to con- 
finement. This AdS/CFT duality is usually viewed as an example of strong coupling 
- weak coupling duality: while the large N perturbative expansion in SYM theory as- 
sumes that the 't Hooft coupling A = (Jym^ is small, the string perturbative (inverse 
tension) expansion applies for vA = ^- ^> 1. In general, observables (like scaling 
dimensions, correlation functions, finite temperature free energy, etc.) depend on A 
through non-trivial functions /(A) of the couplings, with the perturbative SYM and 
string theories describing opposite asymptotic regions. For special "protected" BPS 
observables the dependence on A may become trivial due to supersymmetry and then 
can be directly reproduced on the two sides of the duality [2]. 

Checking duality beyond the BPS cases remains a challenge. The Green-Schwarz 
superstring action in AdS 5 x 5 5 appears to have a complicated structure so finding, 
e.g., its full spectrum exactly in A seems hard at present. One may hope to by-pass 
the computation of non-trivial functions /(A) by considering special limits involving 
other parameters or quantum numbers besides A. A specific progress can be made 
by concentrating on a particular (and basic) class of observables which should be 
related according to AdS/CFT: a spectrum of energies of single-string states (in 
global AdSz, x 5 5 coordinates) and scaling dimensions of the corresponding single-trace 
gauge-invariant local operators in SYM theory. These may carry quantum numbers 
like 5*0(2,4) x 50(6) spins of string states or powers of scalar fields and covariant 
derivatives in the SYM operators. A remarkable recent development initiated in j3] 
(which in turn was inspired by jSHE]) is based on the idea that for a special subset of 
string/SYM states parametrized by large quantum numbers [7JIE] there may be new 
interesting limits in which certain quantum corrections may be suppressed. One may 
then be able to check the AdS/CFT for such special non-supersymmetric states by 
comparing the corresponding string energies to the perturbative gauge-theory scaling 
dimensions. 

In the BMN case [3] (see jH] for reviews) one concentrates on a particular "semi- 
classical" jH] sector of near-BPS states represented by small closed strings with center 
of mass moving along a large circle of 5 5 with angular momentum J> 1. The SYM 
operators are of the type tr(Z J ...), Z = $ 5 + z$ 6 where $m are 50(6) scalars and 
dots stand for a small number of other SYM fields or covariant derivatives. By con- 
sidering the limit J — > oo, =fixed one is able to establish a precise correspondence 
between the energies of the string states and scaling dimensions of the corresponding 
SYM operators jUE3 (f° r a complete list of references see jH]). The reason why this 
is possible can be understood by interpreting this sector of states as "semiclassical" 
states |B] corresponding to quadratic fluctuations near point-like string running along 
a geodesic in 5 5 with angular velocity w = -t=-. One is then able to argue [TT] [TJ] 
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that higher than 1-loop string sigma model corrections to the leading ("quadratic" 
or "plane- wave" ) string energies are suppressed in the limit J — > oo, w=fixed. 

One may hope to apply a similar reasoning to other, far from BPS, semiclassical 
sectors of string states. For example, considering a string rotating with large spin S 
in AdS 5 one discovers [S] a new qualitative test of AdS/CFT: the agreement between 
the dependence of the string energy E on large spin S and the spin dependence 
of the anomalous dimension of twist 2 gauge-invariant SYM operators: E = S + 
/(A) In 5* + .... Here /(A) = b VA~ + bi + + ... on perturbative string side and 
/(A) = aiA + g^A 2 + ... on perturbative gauge theory side jHl EH EEj- According to 
the AdS / CFT duality the two expansions must represent different asymptotics of the 
same function. Checking this in a precise manner is obviously hard since that would 
require first finding all terms in the respective perturbative series and then resumming 
them. 

For other semiclassical string states one might expect to find similar "interpo- 
lation in A" pattern, precluding the direct quantitative comparison to perturbative 
SYM theory. Remarkably, as was noticed in there are exceptions: for certain 

multispin string states (with at least one large S 5 spin component J) the classical 
energy has a regular expansion in -jj while quantum superstring sigma model correc- 
tions are suppressed in the limit J — > oo, =fixed. It was proposed that for 
such states one can carry out the precise test of the AdS/CFT duality in a non-BPS 
sector by comparing the -j? *C 1 expansion of the classical string energy with the 
corresponding quantum anomalous dimensions in perturbative SYM theory. 

This was indeed successfully accomplished in a series of recent papers El 
ITS) IT!?! |21H |2*T] . The main technical problem - how to find eigenvalues of anomalous 
dimension matrix for "long" (large J) scalar operators - was solved (at the one-loop 
level) using the interpretation of the anomalous dimension matrix as an integrable 
spin-chain Hamiltonian [221 122] • ^ This allowed one to find the one-loop anomalous 

Hntegrable spin chain connection was uncovered and extensively studied previously in QCD 
context. In particular, the Regge asymptotics of scattering amplitudes was described by evolution 
equations that were related to the SL(2,C) Heisenberg spin chain [21]. More importantly for 
the present discussion, the one-loop anomalous dimensions of certain (quasipartonic) composite 
operators were related to the energies of the SL(2, R) XXX Heisenberg spin chain (23 EH- Similar 
relations hold in other asymptotically free gauge theories, in particular, supersymmetric theories 
[271 l2~5] . The role of conformal symmetry in QCD and these intcgrability relations were reviewed 
in |22J. More recent work relating integrability of light-cone QCD operators to gauge/string duality 
appeared in [23 El E2] • ln A/=4 SYM theory viewed as a particular gauge theory with adjoint 
matter the above QCD-inspircd work implies that the (1-loop, large N) anomalous dimension matrix 
for the minimal-twist operators (like tr(3>Z?" s $) + D = Dq + D3) should be the same as the 
Hamiltonian of the SL(2, R) XXX spin chain. Independently, it was observed in [22 that the one- 
loop planar anomalous dimension matrix in the pure-scalar sector of operators tr($A/ 1 -.- ( f ) A/ 7 ) can 
be interpreted as a Hamiltonian of an integrable SO (6) spin chain. Ref.[23 generalized these facts 
to all superconformal operators to claim that the complete one-loop planar dilatation operator of 
7V=4 SYM is equivalent to a Hamiltonian of an integrable SU (2, 2|4) (super) spin chain. More recent 
work |33j addressed the same problem using the original (operators on light-cone) QCD approach, i.e. 
considering the subsector of supermultiplets of quasipartonic operators ( tr(D Sl 4>j\/ 1 ...D Sn &M n ) + 
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dimensions by applying the Bethe ansatz [HI] techniques. The leading order j terms in 
the energies of particular string solutions were then reproduced as one-loop anomalous 
dimensions on the SYM side by choosing particular Bethe root distributions in the 
"thermodynamic" limit of "long" (J — > oo) operators. There is some evidence fH] 
that the correspondence extends, as one of course expects, to the next j% order, but 
checking this explicitly and going beyond the 2-loop level remains an important open 
problem. 

Our aim here will be to review a class of such classical string solutions in AdS^ x 
S 5 [TTJ HU 1121 H3 EH HHij whose energy E has a regular expansion in integer powers 
of A (i.e. the square of the effective string tenson) divided over the square of the total 
S 5 spin J, and for which quantum sigma model corrections to E should be suppressed 
in the J — > oo limit. 

Let us first make some general comments on the structure of this semiclassical 
expansion for the string energy. The form of a classical solution cannot depend on 
the value of the string tension, i.e. on v'A , which appears as a factor in front the 
string action / = / d 2 £ G fll/ (x)d a X fJ d a X v + .... Thus the classical energy can be 
written as E = S(w), where w stands for all constant parameters that enter the 
classical solution. These parameters should be fixed in the standard sigma model 
loop (a' ~ -7=-) expansion. The classical values of the integrals of motion like the S 5 
and AdS§ angular momentum components are also proportional to the string tension, 
e.g., J = y/\ J(w) (they take integer values in the full quantum theory). Expressed 
in terms of these integrals the classical energy is E = \/\ £{J) = \/A 

In the limit of large values of semiclassical parameters and the corresponding 
quantum charges the classical energy of a string solution in any AdS p x S m space 
goes as linear function of J, i.e. E = J + .... This linear behaviour (seen 
explicitly on examples of particular solutions [37J El EU EHl IHH] ) is different from the 
flat-space Regge one E ~ \fl and is a consequence of the constant curvature of AdS 
space. This is consistent with the AdS/CFT duality: one expects that the large J 
expression for the full dimension of the corresponding gauge-theory operator should 
start with its canonical dimension. 

We would like to identify a class of special classical string solutions in AdS§ x 
S 5 whose energy has a particular dependence on conserved charges that allows for a 
direct comparison with anomalous dimensions on the perturbative SYM side. While 
such extended string solutions turn out to have several conserved global charges, here 
for notational simplicity we shall keep track of just one of them - total S 5 angular 
momentum J = \/~\ J . For the solutions we will be interested in the classical energy 

etc.) with the conclusion that in this case the one-loop dilatation operator coincides with the 
Hamiltonian of <SX(2|4) spin chain. The relation between the approaches of [23 and [32 and also 
whether the SL(2) integrability in the twist 2 sector may be somehow related by supcrsymmetry to 
SO(6) integrability in the pure-scalar sector seems worth clarifying further. 
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E = y \ S should have the following expansion in large classical parameter J ^> 1 



i.e. y should have an expansion in even inverse powers of J . The coefficients q may 
be functions of ratios of conserved charges that are finite in the large-charge limit. 
Equivalently, for = -^j- <C 1 

E= J + — + — + ...) = J + — + — + ... , (1.2) 

which formally looks like an expansion in positive integer powers of A. Rotating 
string solutions with this property were indeed found in [TTJ HU [T7[ UHl EH] and will 
be reviewed below. 

Furthermore, let us assume that in such cases the string sigma model loop correc- 
tions to the energy which in general can be computed in the standard inverse tension 
expansion 

11 00 
E tot = y/X £{J) + S X {J) + —=E 2 (J) + -j^-S^J) + .... = E + £ E n (1.3) 

V A (VA y n=1 

should have the following specific form of their expansion in J ^> 1 



W) = ^r+^i + -. » = i,2,... . (1.4) 



This behaviour was verified in ^3] for n = 1 on a particular example of a solution 
[T3] satisfying ([1.20 . Eq. (jl.4|) implies that the n-loop term in the quantum-corrected 
energy (|1.3|) will be given, for <C 1, by 

= (7i)^^ (l7) = j^t + 7^ + - • 

In general, the energy £tot = E tot (J, A) should be some function of J and the string 
tension but if the above assumptions (jl.2j) and (jl.5|) are true, it will be given by the 
following double expansion in and j: 



-Eaot = ^ 



oo A 



fc=l J V n=l J 



1.6) 



Then if we first take the limit of J ^> 1 for fixed jj, all quantum sigma model 
corrections will be suppressed and the full energy E tot will be given just by its classical 
part E JO). 

In the BMN case jl], where one expands near a point-like BPS string state, 

the ground-state energy is not renormalized, i.e. E tot = E = J, but the double 
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expansion similar to the one for E tot /J in (jl.fij) . namely, -Efl uc t = </ + X)fcLo(:^) fe (^fc + 
S^Li j^r); applies to energies of string fluctuations near the geodesic, i.e. to energies 
of excited string modes EDI HI]- in the limit J — > oo their energies are then 

determined by the quadratic ( "one-loop" or "plane- wave" ) approximation. 

The general conditions for the validity of the expansions ()1.2|) and ()1.5|) remain to 
be clarified (some observations made in recent papers |4*2"1 03] relating large J limit 
to an ultra-relativistic limit may turn out to be useful for that). In particular, the 
"regularity" of the expansion of the energy in A (jl.2|) may apply not only to multi-spin 
rotating but also to 5 5 pulsating j2HJ 1211 solutions. 

In order to test the AdS/CFT duality one should reproduce the same expression 
for the (quantum-corrected) AdS 5 string energy E tot (X, J) (jl.6|) as the exact scaling 
dimension A (A, J) of the corresponding SYM operator, 1.6. £lS du particular eigenvalue 
of the dilatation operator having the same global charges (i.e. belonging to the same 
50(2,4) x 50(6) representation as the string state). Given that (J1.6)) looks like an 
expansion in the 't Hooft coupling A it is natural to expect that the perturbative 
(A <C 1) expansion for A(A, J) can be organized in the following way 

oo 

A(A,J) = J+5>(J) A\ (1.7) 

k=l 

where the functions q%( J) should have the following form for J ^> 1 

Assuming that this is indeed the case and taking the J — > oo limit, one could then 
directly compare the classical part of the energy in (jl.6)l expanded in with the sum 
of the leading (J ^> 1) terms at each order of expansion of A in powers of A. The 
AdS/CFT implies then that the two expressions should coincide, i.e. that = a^. 
The classical string energy should thus represent the leading J — > oo term in the 
quantum SYM scaling dimension. 

In particular, the coefficient C\ of the first subleading (order A) term in the classical 
string energy (J 1.2)) should match the coefficient a,\ in the one-loop SYM term in 
(ll.7|) . (|1.8|) . This was indeed verified on specific examples in [Till H3 UHl EU l2*T| . 
There is also a numerical evidence ^H] that this matching extends to the A 2 term, i.e. 
c 2 = a 2 . 

The J — > oo behavior (jl.8j) of the one-loop correction to the anomalous dimensions 
was checked using the spin chain relation and the Bethe ansatz for particular large 
R-charge or large spin operators [To! ITTA |2*T] . The general proof of (jl.8j) which should 
follow from a higher-loop structure of the dilatation operator |43[ l4*o] and should be 
heavily based on the superconformal symmetry of the M = 4 SYM theory remains to 
be given. 

Let us now summarize the contents of the following sections. In section 2 we 
shall write down the bosonic part of the superstring action in AdS^ x 5 5 and the 
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corresponding integrals of motion as a preparation for a discussion of classical finite 
energy closed string solutions which carry several 5*0(2,4) x 50(6) spin components. 
In section 3 we shall consider the special case of 50(6) invariant sigma model (em- 
bedded into string theory by adding time direction from AdS$) and briefly review its 
integrability (local and non-local conserved charges, etc.). 

Then in section 4 we shall concentrate on a particular class of semiclassical string 
states rotating in 5 5 with three angular momenta J, and show that for the rotating 
string ansatz the Rt x 5 5 sigma model reduces to a well-known one-dimensional 
integrable system - Neumann-Rosochatius (NR) system. Its special case is the n = 3 
Neumann system describing an oscillator on a 2-sphere. This relation allows one to 
classify the corresponding rotating string solutions, which, as in flat space, can be of 
folded or circular type. 

In section 5 we shall study a simple special class of circular rotating string solutions 
on 5 5 whose energy has a regular large-spin expansion as in (|1.2j) . We shall also 
determine (in section 5.3) the spectrum of quadratic fluctuations near these circular 
solutions pointing out some analogy with the point-like (BMN) case. In section 
5.4 we shall consider the one-loop string sigma model correction to the energy of a 
particular solution (with two equal spins); this one-loop correction indeed turns out 
to be suppressed in the large spin limit, in agreement with (jl.6|) . 

The discussion of sections 4 and 5 will be generalized in section 6 to the case of 
states represented by semiclassical strings rotating in both 5 5 and AdS^ and thus 
carrying 3+2 spin quantum numbers. They are again described by a generalised NR 
integrable system. While the energy of strings rotating only in AdS§ is non-analytic 
in A (section 6.1), the expansion (J1.2|) is true for circular strings having large 5 5 spin 
components. 

Similar conclusions apply to other multi-spin solutions of the NR system represent- 
ing folded and circular strings with more complicated ( "inhomogeneous" ) dependence 
on the string coordinate a . In particular, we consider a class of two-spin solutions 
for which the Neumann system degenerates to a sine-Gordon one and, as a result, 
the solutions are expressed in terms of the elliptic functions (section 7). The classical 
energy can then be found as a solution of the two parametric equations involving 
elliptic integrals and has again a regular expansion as in (jl.2j) . 

Section 8 will contain a summary of some open problems and possible generaliza- 
tions, including a brief discussion of pulsating string solutions. 

2 Closed superstrings in AdS§ x S 5 : 
classical solutions 

Superstrings in AdS$ x 5 5 can be described by a Green-Schwarz action [3] which 
defines a consistent perturbation theory near each semiclassical string configuration, 
e.g., point-like massless geodesic in a light-cone type gauge as in [171 [TT] or extended 
string configurations as in jlHl UH UH EE3j • 
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The bosonic part of the action in the conformal gauge is the sum of the two 
coset-space sigma models (AdS 5 = SO(2,A)/SO(l,A) and S 5 = SO(6)/SO(5) ones) 



1 = "17 / dTd(T l^n^WdaX^x" + Gg\y)d4?rtf\ . (2.1) 

The effective string tension T c g = = ^7 is related to the 't Hooft coupling 
A = Qy M N on the SYM side of the string/gauge theory duality [T]. The AdS 5 and S 5 
parts of the action are "coupled" at the classical level through the conformal gauge 
constraints. 

The classical conformal invariance of this sigma model is preserved at the quan- 
tum level after addition of fermions with coupling to the metric and R-R 5-form 
background There are quadratic and quartic fermionic terms in the action (in a 
particular gauge). The quadratic part of the fermionic Lagrangian can be written as 
(see, e.g., 0HHIIII1) 

L F = t( v ab 5 IJ - e ab s IJ )¥ Qa D b § J , g a = T A e* , (2.2) 

where I,J = 1,2, s IJ =diag(l,-l), and g a = T AE^d a X^ are the projections of the 
10-d Dirac matrices. Here X a are the string coordinates (given functions of r and a 
for a particular classical solution) corresponding to the AdS§ (fi = 0, 1, 2, 3, 4) and S 5 
(/i = 5, 6, 7, 8, 9) factors. The covariant derivative D a can be put into the following 
form 

d o j = (6 IJ D a - % -e IJ T* Qa )<& J , r, = T^ , r* = 1 , (2.3) 

where D a = d a + \uj^ b Yab^ = d a X a u^ B and the "mass term" originates from 

the R-R 5-form coupling. 

Here we will be interested mostly in the classical bosonic finite-energy solutions 
for closed strings in AdS% x S 5 space and ignore the fermions. To study these bosonic 
solutions it is useful to rewrite the action (|2.1j) in the form 

I = V\ dr — (L AdS + L s ) , (2.4) 
J Jo Zix 

where 

Ljus = -\v PQ daY P d a Y Q + h( V p QY P Y Q + l), (2.5) 

L s = - l -d a X M d a X M + l -K{X M X M -l). (2.6) 

We use ( — h) signature on the world sheet and Xm, M = 1, . . . , 6 and Yp, P = 0, . . . , 5 
are the embedding coordinates of R 6 with the Euclidean metric 8mn in Ls and with 
Vpq = ( — 1, +1, +1, +1, +1, — 1) in Laclsi respectively. A and A are the Lagrange 
multiplier functions of r and a. The action (|2.4|) is to be supplemented with the 
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usual conformal gauge constraints expressing the vanishing of the total 2-d energy- 
momentum tensor 

V PQ (Y P Y Q + Y' p Yq) + X M X M + X' M X' M = , (2.7) 
V PQ Y P Y' Q + X M X' M = , (2.8) 

where 

V PQ Y P Y Q = -1 , X M X M = 1 . (2.9) 

We shall assume that the world sheet is a cylinder, i.e. impose the closed string 
periodicity conditions 

Y P (a + 2tt) = Y P {a) , X M {a + 2tt) = X M {a) . (2.10) 

The classical equations that follow from (|2.4|) can be written as 

d a d a Y P - AYp = , A = V PQ d a Y P d a Y Q , V PQ Y P Y Q = -1, (2.11) 

d a d a X M + AX M = , A = d a X M d a X M , X M X M = l. (2.12) 

The action is invariant under the 0(2, 4) and 0(6) global symmetries with the corre- 
sponding conserved (on-shell) charges being 

Spq = v^ — (YpY Q -Y Q Yp) , (2.13) 

JO Z7T 

Jmn = V\T^- {X M X N - X N X M ) . (2.14) 
Jo 2n 

We are interested in finding "spinning" solutions that have non-zero values of these 
charges. The physical target-space interpretation of the solutions depends on a par- 
ticular choice of coordinates (that solve (|2.9|) ) in AdS 5 and 5 5 . One natural ("global 
coordinate") choice is 

Y 1 =Y 1 + iY 2 = sinh p sin 9 e^ 1 , Y 2 = Y 3 + iY A = sinh p cos 9 e^ 2 , 

Y = Y 5 + iY = cosh p e il , X 3 = X 5 + iX 6 = cos7 e^ 3 , (2.15) 

X 1 =X 1 + iX 2 = sin 7 cos^ e iipi , X 2 = X 3 + iX A = sin 7 simp e iip2 . 

Then there is an obvious choice of the 3+3 Cartan generators of 5*0(2,4) x 50(6) 
corresponding to the 3+3 linear isometries of the AdS§ x 5 5 metric 

(ds 2 ) AdS5 = dp 2 - cosh 2 p dt 2 + sinh 2 p (d6 2 + cos 2 9 d<\>\ + sin 2 9 defy , (2.16) 

(ds 2 )ss = dj 2 + cos 2 7 dip\ + sin 2 7 [dip 2 + cos 2 ip dipl + sin 2 tp dep 2 ) , (2-17) 
i.e. to the translations in AdS^ time t, in the two angles cj) a and in three angles of 5 5 

S = S 50 = E = VX£ , 5x = 5i 2 = VA 5i , 52 = 534 = ^52, (2.18) 



10 



Jl = Jl2 = V^Jl, J2 = J 3 4 = V\J 2 , Jz= J5B = V\Jb ■ (2.19) 

We will be interested in classical solutions that have finite values of the target-space 
energy E as well as of the spins S a , Ji- For a solution to have a consistent semiclassical 
approximation, i.e. to correspond to an eigen-state of the Hamiltonian which carries 
the corresponding quantum numbers (and thus being associated to a particular SYM 
operator with definite scaling dimension) all other non-Cartan (i.e. non-commuting) 
components of the symmetry generators (|2.13j) . ([2.14j) should vanish jTJ. These cor- 
respond to "highest-weight" states; other members of the multiplet can be obtained 
by applying rotations to a "highest-weight" solution. 

In the above R 2,4 embedding representation of AdS% the charges of the isome- 
try group 50(2,4) can be related to the boundary SYM theory conformal group 
generators as follows (/i, v — 0, 1, 2, 3): 

5 M „ = , 5 M4 = \( K »- p ») , ^5 = \{K» + P») , S, 4 = D. (2.20) 

One can identify the standard spin with S± = Su = M12, the second (conformal) 
spin with 52 = 534 = o(-^3 ~~ -^3)5 an d finally the conformal energy with the rotation 
generator in the 05 plane, i.e. with the global AdS^ energy, E = 5o5 = \{K$ + P ). * 

Let us first consider point-like string solutions, for which Yp = Yp(r), Xm = 
X m (t), i.e. massless (cf. (|2.7j) ) geodesies in AdS 5 x 5 5 . As follows from the second- 
order equations in (|2.1ip . (j2.12j) . in this case A = const, A = const, i.e. Yp and Xm are 
given by trigonometric functions. The constraint ()2.7|) implies that the two frequences 
are related: A = —A > 0. Then generic massless geodesic in AdS§ x 5 5 can be shown 
to be of the two "irreducible" types (up to a global 50(2, 4) x 50(6) transformation): 
(i) massless geodesic that stays entirely within AdS^,; (ii) a geodesic that runs along 
the time direction in AdS$ and wraps a big circle of 5 5 . In the latter case the angular 
motion in 5 5 provides an effective ( "Kaluza-Klein" ) mass to a particle in AdSs, i.e. the 
corresponding geodesic in AdS$ is a massive one. Then we can choose the coordinates 
so that 

Y 5 +tY = e %Kr , X 5 +*X 6 = e lWT , k = w = VI , Yi j2 , M = X 1>2M = . (2.21) 

*The energy of a string state in global AdSs space with boundary Rx S 3 should be equal to the 
energy of the corresponding SYM state on RxS 3 (which can be mapped conformally to i? 4 ). Through 
radial quantization this state may be associated to a local operator that creates it. At the same 
time, the AdS^ energy or conformal Hamiltonian generates an 50(2) subgroup of SO(2, 4) while the 
dilatation operator (whose eigenvalues are scaling dimensions) generates an 50(1, 1) subgroup of the 
conformal group. Their eigenvalues happen to be the same since the two representations (the unitary 
one classified by £0(4) x 50(2) and the one classified by 50(4) x 50(1, 1)) are related by a global 
50(2,4) similarity transformation (see, e.g., 03]). Alternatively, after the Euclidean continuation 
Yq — > iYqe (to allow for the mapping from R x 5 3 to R A ) one may exchange Yqe with Y4 which 
exchanges the generator 554 = D with 5os = ^(Pq + Ko) = E. For all the solutions discussed below 
550 = E 7^ while 554 = D = 0. One could, in principle, apply a similar Y e — > Y4 transformation 
to string solutions, getting equivalent ones (but more complicated-looking, with radial direction of 
AdS§ depending on t) that would have non-zero values of the 50(1, 1) generator 554. 
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Here the only non-vanishing integrals of motion are E — J3 — vA k, representing the 
energy and 5*0(6) spin of this BPS state, corresponding to tiZ Ji operator in SYM 
theory More generally, one may choose any massless geodesic in AdS$ for which then 
t] pq YpYq = —w 2 . The massless limit w — > corresponds to J 3 — > 0, i.e. the resulting 
state should be representing a vacuum in string theory or a unit operator in SYM 
theory 

The former case, i.e. the "massless" w — > limit, is actually subtle: naively, a 
massless geodesic in AdS§ does not represent a semiclassical string state in the sense 
it was defined above. Indeed, for a point-like string moving inside AdS§ we have 
j] P QYpYq = 0, i.e. Yp = 0. Thus in terms of the embedding coordinates the massless 
geodesic is a straight line 

Y P (r) =A P + BpT , v PQ B P B Q = V PQ A P B Q = , r, PQ A P A Q = -1 . (2.22) 

Then the 50(2,4) angular momentum tensor (J2.13j) is Spq = vA (ApBq — AqBp) 
and can be shown to always have non-vanishing non-Cartan components. Indeed, 
by applying an 50(2,4) rotation we may put the constant vectors Ap and Bp in a 
canonical form: Ap = (0, 0, 0, 0, 0, 1), Bp — (p, 0, 0,p, 0, 0), i.e. 

Y 5 + tY = l + i P T , Y 3 =pr, r w = 0. (2.23) 

Here p is an arbitrary parameter and 5so = 553 = v^A p. An alternative choice of 
the parameters (related to the above one by an 50(2,4) rotation with parameter u) 
gives Y 5 + iY = ig£ + i jjr, Yi + iY 2 = + i^r, F 3i4 = O. 1 " It corresponds to the 
massless geodesic running parallel to the R 1 ' 3 boundary in the Poincare coordinates 
where (ds 2 )Ads 5 = jz{dx m dx m + dz 2 ): xq = 23 = pr, z = u = const (see also [T2^). 
An expansion near this geodesic is used to define the light-cone gauge in j^Tj, i.e. it 
should represent a light-cone vacuum state. 

Below we would like to study non-trivial (cr-dependent) solitonic solutions of clas- 
sical closed string equations in AdS$ x 5 5 that have finite 2-d energy and carry finite 
space-time energy and spins, i.e. 1+2 plus 3 commuting conserved charges of the 
0(2,4) x 0(6) isometry group. The conformal gauge constraints will then imply a 
relation between the energy and the spins (a = 1, 2; % — 1, 2, 3) 

S = £(S a ,J i ;k p ) , i.e. E = yf\ £(-|-, -^U; k p ) , (2.24) 

where k p are "topological" numbers determining particular type (e.g., shape) of the 
rotating solutions. We will be interested in solutions that have a regular dependence 
of E on on A in the large spin limit as in (jl.2j) . A necessary condition for that appears 
to be to have large total angular momentum in 5 5 direction. That applies to both 

tin this case in addition to the Cartan components E = S50 = V\ 1 "o" p and = — VA p 
we also have nonvanishing Sqi and S25 . 
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rotating [T3j and oscillating jHH] solutions. Note also that rotating solutions in S 5 
(but not in AdS§) have a "nearly-BPS" interpretation j^21 in the formal A — > limit. 

In general, coset space sigma models are known to be integrable |49[ I5T)] . To make 
this formal integrability property explicit and useful one needs to specify a class 
of solutions by choosing a special ansatz for string coordinates. Before discussing 
particular rotating strings in S 5 and AdS$ let us first make some general comments 
on the corresponding classical sigma model and its conserved charges. 

3 R t x S 5 sigma model : classical integrability 
and conserved charges 

Let us consider the classical S 5 sigma model embedded into string theory by adding 
extra time direction R t . This may be viewed as a special case of AdS^ x S 5 sigma 
model where the string is placed at the center p = of AdS$ while moving in S 5 . 

Introducing ^ = |(t±<t) and d± = d T ±d a the corresponding equations of motion 
and conformal gauge constraints can be written as (cf. (|2.12jl ) 

d+d-X M + (d+X N d-X N )X M = , X M Xu = 1 , (3.1) 

d+X M d + X M = (d + t) 2 , d-X M d.X M = (d^t) 2 , (3.2) 

where t satisfies d + d_t = 0, which has general solution (k = const) 

t = kt + h + (r + a) + h-{r - a) . (3.3) 

The equations (|3.1)l . ()3.2j) are invariant under 2-d conformal transformations, ^ — > 
F±(£ ± ), so given a solution Xm(£, + , £~) one can find another one as X\/(X'-C ) = 
Xm(F + (£ + ), F_(^ - )). One can also use this residual conformal symmetry to make the 
components of the stress tensor 8 + Xm9 + Xm and 8-Xm9-Xm equal to a constant, 
or, what is equivalent in the present case, to gauge away h± in (j3.3|) . putting t in the 
form t = kt. When only 3 of I^'s are non-zero (as in the case of the 0(3) invariant 
sigma model ) one can show that 1)3.1 Jl reduces to the 2-d sine-Gordon equation 

d+d-a + sin a = , cos a = 8 + Xm9-Xm ■ (3.4) 

Similar reduced systems can be derived also from other 0(n) invariant sigma models 

The above equations ([3.1 1) admit various special solutions. One is the "flat-space" 
or "crural" solution (for which the Lagrange multiplier A in ([2.12)) vanishes): Xm = 
/m(C + ) or Xm = /m(£ - ) f° r particular values of M. In contrast to flat-space case, a 
linear combination of such solutions is no longer a solution, so one may thus say that 

*A relation to sine-Gordon system appeared previously in the context of strings moving in con- 
stant curvature spaces in [521155] . 
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()3.1j) describes scattering of left-moving and right-moving light-like energy lumps |49| . 
For chiral Xm to satisfy the string-theory constraints ()3.2|) we need to make a special 
choice of h± in t. 

Let us now review various types of local and non-local conserved currents in this 
sigma model (see, e.g., [SDIH1])- O ne can define a first-order linear system (Lax pair) 
|4~§] whose consistency is equivalent to the equations (|3.1|) : 

d + R {£) = (1 - t-^j+R® , d^R^ = (1 - e)j_R® , (3.5) 

where Rs® is an so(6) matrix and 

(jajMN = 2(Xm9 q Xat — XftdaXM) • (3.6) 

One can then construct a new solution from a given one as X M = R-mn x n- Solving 
()3.5j) by the inverse scattering method is subtle due to complications related to the 
choice of boundary conditions |HU ED] (e.g., on an infinite line, for j a — > at spatial 
infinity the solution R^ does not have a plane- wave behaviour). Still, (|3.5|) may be 
used as a basis for analysing the integrability properties of the sigma model . 

One approach is to look at non-abelian (non-commuting) non-local conserved 
charges related to Yangians [S3]. At the same time, it is important also to study 
an infinite family of commuting local conserved charges whose existence is a man- 
ifestation of integrability of the corresponding equations of motion. These may be 
constructed using the Backhand transformation. If Xm is a given "trial" solution of 
()3.1|) . let is define its Backlund transform X^ a s another solution satisfying [5^1 l2"U] 

<9 + (4] } + X M ) = 1(1 + ^X^d+X* (X& - X M ) , (3.7) 
d_(X$ - X M ) = -1(1 + j 2 )X^d^X N (X# + X M ) , (3.8) 

y(7) yW _ i y y _ i yM y _ \ ~ 7 y(0) _ 

1+7^ 

Here 7 is a spectral parameter. One can write the solution of the equations ()3.8|) in 
expansion in 7 

X M = X M + X (k)Ml k , X (1)M = =± M == , ••■ • (3.9) 

One can define the generating function of local commuting conserved scalar charges 
associated with the original solution Xm by [SU 120] 



Q(7) = ^7 / TT- ^(9+Xm + 7 2 <9_X M ) = £ Qfc7* , (3.10) 
2 Jo 2ir 



14 



Q 2 = - / ^X {1)M d + X M = / ^p + X N d + X N = / ^d + t , (3.11) 
Z Jo Ztx Jo Ztx v jo Zix 

1 f 2n da 

Qk — 7. I —(X(k-i)Aid + X M + X( k ^ M d + X M ) , k > 3 . (3.12) 

Here in (13.11)1 we used the constraint (|3.2j) . Then Q2 can be interpreted as the 
space-time energy: since the general solution for t is given by (|3.3j) . we conclude that 
Q2 = k = E. For values of these charges on specific solutions see j20j- 

One can also define an infinite number of conserved non-local so(6) Lie algebra 
valued (i.e. matrix) currents and associated charges as for any principal or coset 
sigma model OEB]. Let us follow and replace X M by an orthogonal 0(6) (or 
unitary SU(4)) matrix 

g = e i7TP = 1 -IP , (3.13) 
where Pmn = X M X N is a projector since X M X M = 1. Then g = g^ 1 = 1 — 2P and 

tr {d a gd a g- 1 ) = 8d a X M d a X M , j a = g~ x d a g = Ja (X) , d a Ja = , (3.14) 

where the conservation oi j a (X) given by (|3.6|) follows from the equations of motion 
(f!H2J) . (f3~TJ) for X M . Defining D a = d a +j a we get [d a ,D a ] = 0. Then starting with 
the conserved current j a one can construct an infinite sequence of conserved non-local 
currents j" using the following iterative procedure. Given a conserved current we 
define a matrix function an d use it to construct the next conserved current 

3™ = e ab d b X ^ , = D aX ™ , j®=ja, X (0) = L (3.15) 

This leads to an infinite set of conserved charges 

= r da ]^(t,ct) . (3.16) 
Jo 

For example, 

r-2-K r2n 

Qmn = / d(T 3tMn{t,(t) = 2 da (X M d T X N - X N d T X M ) , (3.17) 
Jo Jo 

is proportional to the 0(6) angular momentum Jmn ()2.14|) . and 

daX {1) = 3t , Xmn( t ^) = J da ' 3tMn(t,(t') , (3.18) 

Q ( m ] n = r da 1 [dr+U^a'^KX^N^a') . (3.19) 
Jo 

These relations can be consistently defined on an infinite spatial (a) line but not on 
a circle as in the closed string case we are interested in: for Xm periodic, j a ()3.6j) is 
also periodic, but its integral in ()3.18j) may not be, and thus may not be well- 
defined (see also related comments in jHHEHl)- There are, however, particular classes 
of solutions (like circular solutions discussed below) for which these charges may be 
well-defined. 
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Let us mention also that as in other sigma models with a current satisfying j a = 
g~ 1 d a g, d a j a = we can construct a set of chiral currents - symmetric higher spin 
2-d local currents which are scalars under 0(6) |5TH 16*0] 

T + ...+ = tr#, <9_T + ...+ = 0, r_..._ = tr^, 0+T_..._ = . (3.20) 

The special case of spin 2 currents T ++ and T are the components of the sigma 

model stress tensor proportional to 8±Xm9±Xm- There are also other examples of 
local chiral currents built out of totally symmetric invariant tensors associated with 
the corresponding Lie algebra [5Tfj . 

Similar non-local and local currents can be defined [SZj also for the full AdS§ x 
S 5 supercoset string sigma model of [3].^ 

To conclude, the above sigma model admits an infinite set of conserved charges 
which is usually interpreted as implying its integrability jlH] • The use of this integra- 
bility of a 2-d system for classifying finite energy solutions on a 2-d cylinder is not 
immediately clear however. In one dimension a system is integrable if it has the same 
number of commuting integrals of motion as the number of its degrees of freedom. In 
2-d where one has infinite number of degrees of freedom it is usually assumed that 
having infinite set of conserved quantities implies integrability. A more practical def- 
inition of integrability could be a prescription of how to construct explicitly a generic 
solution with required properties. Formal solution-generating techniques (see, e.g., 
[55] ) are not guaranteed a priori to produce finite energy solutions (cf. 

As we shall see below, one can understand the integrability of the R t x S 5 sigma 
model in a very explicit way by reducing it |T%1 133] on a special "rotating string" 
ansatz [T3| to a well-known 1-d integrable system - Neumann system |U3*1 IHB] or its 
generalization - Neumann- Roso chat ius (NR) system jHEl EZ| • 

4 Reduction of R t x S 5 sigma-model 
to 1-d Neumann system 

4.1 Rotating string ansatz 

Let us consider a string located at the center of spatial part of AdS§ with time 
coordinate being proportional to the worldsheet time, i.e. with the AdS*> coordinates 
in (j2.15j) given by 

Y, + iY = e l \ ^,...,1-4 = 0, t = KT. (4.1) 

The general case when the string can be extended and rotate in both AdS*> and S 5 
will be discussed below in section 6. Since the S 5 metric ()2.17|) has three commuting 

'''That the AdSs x S 5 superstring should be integrable being a conformal extension of a bosonic 
coset sigma model was suggested previously in ^||^ (see also |H2)- 
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translational isometries in ipi which give rise to three global commuting integrals of 
motion J, (|2.19|) to get solutions with non-zero J; it is natural to choose the following 
"rotating string" ansatz for the S 5 coordinates Xm in (I2.15J) [HJ HH1 1 



Xi = Xi + iX 2 = Zl (a) e™ ir , X 2 = X 3 + %X± = z 2 (a) e™ 2T , 

X 3 = X 5 + 2X 6 = z 3 (a)e iw * T . (4.2) 

Here iOj may be interpreted as frequences of rotation in the three orthogonal planes. 
The functions z% may be real [TB] or, in general, complex [33] and should satisfy 
XmXm = 1, i-e. 

z i = r i e iai , E r ? = 1 - ( 4 - 3 ) 

Thus the shape of a rotating string is not changed in time (i.e. the string is rigid) 
and it always belongs to a 2-sphere. 

The closed string periodicity condition (|2.1(J|) implies 

Ti{a + 2n) = Ti{a) , a^a + 2tt) = a* + 2irrrii , = 0, ±1, ±2, ... . (4.4) 

Comparing (J4.2j) to (J2.15j) we conclude that the S 5 angles tfi may depend on both r 
and cr, 

(fi = WiT + ai(a) , (4.5) 

with the integers m, in (|4.4|) thus playing the role of "winding numbers" in the Cartan 
directions <fi. 

The space-time energy E of the string in (|2.18|) and the spins ()2.19|) forming a 
Cartan subalgebra of 0(6) here are given by 

E = V\ £ , £ = k, (4.6) 

J^VXJi, J l = w i — Tf(ff), ^ = 1. (4.7) 

JO 27T lOj 

All other components of the conserved angular momentum tensor Jmn (|2.14j) vanish 
automatically if all Wi are different fH] , but their vanishing should be checked if two 
of the three frequences are equal. 

4.2 Integrals of motion and constraints 

In general, starting with 

X t (r,a)=r t (r,a) e 1 ^ , (4.8) 
one finds that the Lagrangian ()2.6j) reduces to 

Ls = \ E [r 2 - rf + r 2 (0 2 - ^)] + Ufor* - 1) . (4.9) 

i=l i=l 
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One can then check that the "rotating string" ansatz (|4.2jl . i.e. 



n = Ti(a) , tfi = WiT + ai(cr) (4.10) 

is indeed consistent with the equations of motion following from (|4.9jl . Note that 
because of the formal r <-» o symmetry of the 2-d equations of motion another special 
solution is given by the "pulsating string" ansatz: = rj(r), y?i = mjO" + /5j(r), where 
mj are now integer winding numbers. Then rj(r) is a solution of a similar Neumann 
system discussed below (see also section 8). 

Substituting (|4.2j) into (J2.6j) we get the following effective 1-d "mechanical" system 
for a particle on a 5-d sphere 

l = \ i:w - - ^ae^ - 1) , (4.ii) 
z i=i z i=i 

with cr playing the role of time (we changed the sign of L). If we set Zk = Xk + iXk+3 
(k = 1, 2, 3), this is recognized as a special case of the well-known integrable system 
- the standard n = 6 Neumann model jHSl ESI EH) describing a harmonic oscillator 
on a 5-sphere 

L N = lj2 « ~ </4f) " W E ^/ " 1) • (4-12) 

Z A/=l Z M=l 

Here three of the six frequencies are equal to the other three, Wk+3 = Wk, k = 1, 2, 3. 
This implies integrability of the model (j4.11jl and determines its integrals of motion. 
Indeed, the Neumann system ()4.11|) has the following six commuting integrals of 
motion (see, e.g., (BEIES]): 

f m = *L + E {XM *'; ~_ x f M? , E^ = i. (4.13) 

M^N M W N M=l 

Since in the present case 3 of the 6 frequences are equal one needs to consider 3 
non-singular combinations of Fm which then give the 3 integrals of (j4.11|) : 

3 

/, = F, + F i+3 , z = l,2,3, E^ = 1 - (4-14) 

i=l 

More explicitly, (J4.ll)) can be written as 

L = \ E(rf + r*a? - wM) ~ 5 A (E rj-l), (4-15) 

i=l i=l 

implying that 

a[ = -4- , = const , (4.16) 

rf 

where Vi are three integrals of motion, which complement the two independent inte- 
grals in (|4.14|) . Eliminating a[ from ()4. 15|) (changing the sign of the corresponding 
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term to reproduce the same equations for r^) we then get the following effective La- 
grangian for the radial coordinates 



L = \ E (rf - - |) - ^A^r 2 - 1) . (4.17) 

Z -i = l r i Z i=l 

When the new integration constants V{ vanish, i.e. a.\ are constant, we go back to the 
case of the n = 3 Neumann model studied in [T^j. For non-zero Vi jSS] the Lagrangian 
(|4.17|) describes the so called Neumann-Rosochatius (NR) integrable system (see, e.g., 
[H7]). As explained above, its integrability follows from the fact that it is a special 
case of the n = 6 Neumann system, with the integrals of motion (|4.14|) taking the 
following explicit form: 



, . wf - vj\ 



il / \ 2 i 2 , V j 2 



(4.18) 



This gives two additional (besides Vi) independent integrals of motion. 
The conformal gauge constraints ([2 .7)) . ([2 .8)) or (J3.2JI now become 



K 2 = ^ + wM + 4), (4.19) 

i=l r i 
3 

E^ = °- ( 4 - 2 °) 

i=l 

As a consequence of (|4.2()j) only two of the three integrals of motion V\ are independent 
of Wi. Note also that (|Q^ . ((CTljl imply k 2 = £f =1 [ r f + ( w * r i ± f)\ so that the 
space-time energy E or k is minimized if = const and {w^i ± ^-) 2 take minimal 

value, i.e. if wfri — \ = 0. Since all three cannot be positive, this does not 

i 

mean that k should vanish. We shall return to the discussion of such solutions below 
at the end of section 5.1. 

To summarize, we are interested in finding periodic finite-energy solitonic solutions 
of the 0(6) sigma model defined on a 2-cylinder that carry three global charges Jj. As 
discussed in JTE] (see also below), the periodicity condition (|4.4jl on r 4 - implies that the 
two integrals of motion b a (two appropriate independent combinations of Jj in ()4.18|) ) 
can be traded for two integers n a labeling different types of solutions. Imposing the 
periodicity condition (|4.4jl on a, gives, in view of ()4.16|) . the following constraint: 

2tt du 

= 2n mi . (4.21) 

It implies that Vi should be expressible in terms of the integers m i; frequencies 
and the "radial" integrals b a or n a (note also that since the integral in (j4.21|) is of a 
positive function, = implies Vi = 0). As a result, the moduli space of solutions 



19 



will thus be parametrized by (wi, w 2 , W3; n\, n<i, mi, m 2 , 7713). The constraint (|4.2()jl 
will give one relation between these 3+2+3 parameters. As a consequence, trading 
Wi for the angular momenta using f)4.7|) . the energy of the solutions as determined by 
()4.6|) and the conformal gauge constraint (|4.19|) will be a function of the SO (6) spins 
and the "topological" numbers n a and (cf. (|2.24|) ) 

£ = £{Ji,n a ,mi) , i.e. E = V\ 8{—j=--,n a ,mi) . (4.22) 

The constraint (|4.20jl will provide one additional relation between Jj and n , rrtj. Our 
aim will be to study the relation ()4.22|) for various types of solutions and in various 
limits. 



4.3 Special case of n = 3 Neumann system 

In the special case of V{ = (when the angles ccj are constant, i.e. tpi in (|4.1U|) depend 
only on r) the NR system (|4.17|) reduces to the n = 3 Neumann system with the 
two independent integrals in (J4.18)) and only one non-trivial constraint (|4.19|) . which 
expresses the fact that k is related to the 1-d Hamiltonian of the Neumann system, 



i=l 



(4.23) 



Note that this Hamiltonian is related to the 3 integrals of motion in (j4.18|) by H = 
2 Si=i w "ih- Any two of these three integrals are enough to integrate this dynamical 
system. In order to find the relevant closed string solutions we need also to impose 
the periodicity condition (|4.4j) . i.e. we are interested in the subsector of periodic 
solutions of the Neumann model. 

Since r, belong to a 2-sphere (|4.3j) . the corresponding equations can be expressed 
in terms of the two S* 2 angles, namely, 7 and ip in (j2.15|) . However, in the general 
case it is convenient to use another parametrization of S 2 - to replace by the two 

2 

"ellipsoidal" coordinates ( a which are the roots of the equation Yn=i j-r^z — 0: 



ri 



r 3 



(Ci - »?)(C2 - «>?) 



\ 



w 2 2l w 2 zl 



(wl-(i)(w 2 -( 2 ) 



^31^32 



'"2 



^2 2 -Ci)(c 2 -^2 2 : 

^21^32 



2 2 2 

W ij = W i ~ W j 



(4.24) 
(4.25) 



Expressing the integrals of motion (j4.13j) in terms of ( a one finds a system of two 1-st 
order equations 



,^Cu 2 4 p (Ci) ( dC2 ]2 
'da' (C2-C1) 2 ' K dxr } 



"(C2-Cl) ! 



(4.26) 
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The function P(C) is the following 5-th order polynomial 

P(0 = (C - to?) (C - ^)(C - ^)(C - h) (C - b 2 ) . (4.27) 

The parameters 61,62 here are the two constants of motion which can be expressed 
in terms of the integrals Ij in (j4.18|) by solving 

bi + b 2 = {vol + w l)Ii + ( w i + ^3)^2 + {w\ + wl)h , 

hh = ^2^3/1 + wlwlh + wlwlh . (4.28) 

The Neumann system Hamiltonian ()4.23|) is then H = ^{w\ + w 2 +w 2 — b\ — b 2 ) = \n 2 . 
The polynomial -P(C) i n (|4.27j) can be interpreted as defining a hyperelliptic curve 
of genus 2 defined by the equation s 2 + P{() = 0, with s and £ being two complex 
coordinates of C 2 . The formal solution of the system (|4.2fi|) is then given in terms of 
the related ^-functions [SHIIIHj- 

Thus, the most general three-spin string solutions are naturally associated with 
special genus 2 hyperelliptic curves [TH]. The simpler two-spin case (e.g., w 3 = 0) is 
associated with an elliptic curve and the corresponding relation between the energy 
and the spins then involves elliptic functions (see ^2 El E2])- Elliptic integrals 
appear also in the one-spin case [S3 IB] • 

The system (j4.26|) allows one to achieve the full separation of the variables: divid- 
ing one equation in ()4.26|) by the other one can integrate, e.g., (2 in terms of £i and 
then obtain a closed equation for (1 as a function of a. In finding solutions we need 
also to take into account the periodicity conditions on now viewed as conditions 
on (1,(2- The spins Ji in (|4.7|) expressed in terms of Ci, C2 satisfy [TH] 

3 r 2n da 

$>i(«>i-^)=/ — (C1 + C2), (4.29) 
i=1 Jo 2ir 

E4 = ^l/ ?CiC 2 , £- = !• (4.30) 

fr[ wf w{w{wi Jo 2vr fr[ Wi 

To find the energy (J4.6)) as a function of the spins Ji we need to express the frequen- 
cies Wi and the Neumann integrals of motion or b a in (j4.28|) in terms of Ji. After 
finding a periodic solution of ()4.26|) . this reduces to the problem of computing the 
two independent integrals on the r.h.s. of (j4.29|) and ()4.30|) . 

Let us briefly mention that the case of the NR system (j4.17j) with Vi ^ can 
be treated similarly [33]. We can again introduce the ellipsoidal coordinates (Ci ; C2), 
and expressing the integrals of motion (j4.18|) in terms of C, a we end up with the same 
system f!4.26|) where now 

P(C) = (C-6i)(C-62)(C-^ 2 )(C-^ 2 )(C-^) + ^(C-^) 2 (C-^3 2 ) 2 

+ vl(C - ^) 2 (C - w 2 3 ) 2 + * - ^ 2 ) 2 (C - ™tf • (4-31) 

The Hamiltonian of the NR system reduces to H = |[I]f=i( w i 2 + v f) — b\ — 62]- As 
in the pure Neumann case, P{() is the fifth order polynomial which again defines a 
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hyperelliptic curve s 2 + P(C) = 0. The general solution of eqs. (|4.2fij) can be again 
given in terms of theta-functions associated with the Jacobian of the hyperelliptic 
curve. An example of a solution is provided by the V3 = case where ( = w 2 is a 
root of -P(C) and then the NR system can be solved in terms of the elliptic functions 



4.4 Types of solutions and rotating strings in flat space 

Let us consider for simplicity the case with v j = described by the n = 3 Neumann 
system (general solutions of the NR system have similar structure). The five pa- 
rameters Wi (or Ji) and b a of the solutions of the Neumann system may be viewed 
as coordinates on the moduli space of periodic finite-energy solitons. The values of 
b a will not be arbitrary: such solutions will be classified by two integer "winding 
number" parameters n a which will be related to Wi and b a through the periodicity 
condition. In general, there will be several different solutions for given values of Ji, 
i.e. the energy of the string E will be a function not only of Ji but also of n a : there 
will be a discrete series of solutions with energies starting from some minimal value. 
Solutions with the same spins Ji will be distinguished by values of higher conserved 
commuting charges. 

Depending on the values of these parameters (i.e. location in the moduli space) 
one may find different geometric types (or shapes) of the resulting rotating string 
solutions. The shape of the string does not change with time and the string may be 
"folded" (with topology of an interval) or "circular" (with topology of a circle). A 
folded string may then be "straight" as in the one- and two- spin examples considered 
in jH] and ^7], or "bent" (at one or several points) as in the general three-spin case 
[T5] . A "circular" string may have the form of a round circle as in the two-spin and 
three-spin solutions of or may have a more general "bent circle" shape as in 

the three-spin solutions in |18j . 

It is useful to review how these different string shapes appear in the case of a 
closed string rotating in flat R 1,5 Minkowski space. In the conformal gauge, string 
coordinates are then given by solutions of free 2-d wave equation, i.e. by combinations 
of e m ( T±<T ), subject to the standard constraints (|3.2j) . For a closed string rotating in 
the two orthogonal spatial 2-planes and moving along the 5-th spatial direction we 
find (cf. P~3jl : here t = kt as in itO ) 



X x + iX 2 = n(a) e™ 1T , A 3 + *A 4 = r 2 (a) e lw * T , A 5 = p 5 r , (4.32) 



Here o"o is an arbitrary integration constant, and n a are arbitrary integers. The 
conformal gauge constraint implies that k 2 = p\ + n\a\ + n\a\. Then the energy, 
the two spins and the 5-th component of the linear momentum are (here the tension 



Wi — n\ , W2 = n 2 , ri = ai sin(nicr) , 



r 2 = a 2 sin[n 2 (o- + a )] . 



(4.33) 



parameter is vA 



a' 



E 



Ji 





(4.34) 



2a' 



2a' 
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i.e. 

E = J Pi + -.{n x Ji + n 2 J 2 ) . (4.35) 
V a 

To get the two-spin states on the leading Regge trajectory (having minimal energy 
for given values of the two non-zero spins) one is to choose ri\ = n 2 — 1. The shape 
of the string depends on the values of o"o and rii,n 2 . If a is irrational then the string 
always has a "circular" (loop-like) shape. In general, the "circular" string will not be 
lying in one plane, i.e. will have one or several bends. For rational values of — the 
string can be either circular or folded, depending on the values of ni,n 2 . 

Let o"o = 0. If TT-i = n 2 the string is folded and straight, i.e. have no bends. 
Indeed, then X\ + iX 2 is proportional to X 3 + 2X4 and thus one may put the string 
in a single 2-plane by a global 0(4) rotation. If both m and n 2 are either even or 
odd and different then the string is folded and has several bends (in the 13 and 24 
planes). For example, if n 2 = 3ni then the folded string is wound ri\ times and has 
two bends (for a\ = a 2 we have r 2 = n(3 — 4rf)). Next, let us choose a = Then 
for rii = n 2 the string is an ellipsoid, becoming a round circle in the special case of 
a\ = a 2 (i.e. J\ = J 2 ) [T3|. The string is also circular if m is even and n 2 is odd. 
If, however, n\ is odd and n 2 is even the string is folded, e.g., if n 2 = 1n\ then the 
folded string is wound n\ times and has a single bend at one point. 

The structure of spinning string soliton solutions in curved S 5 case is analogous. 
The equations of motion of the Neumann system are linearized on the Jacobian of the 
hyperelliptic curve. The image of the string in the Jacobian whose real connected part 
is identified with the Liouville torus can wind around two non-trivial cycles with the 
winding numbers ri\ and n 2 respectively ^H] • The size and the shape of the Liouville 
torus are governed by the moduli (wi,b a ). Specifying the winding numbers ni,n 2 , 
two of the five parameters (wi, b a ) are then uniquely determined by the periodicity 
conditions. The actual rigid shape of the physical string lying on two-sphere will 
depend on the numbers rii,n 2 and on the remaining moduli parameters (relative 
values of b a and wf): it may be of (bent) folded type or of (deformed) circular type. 
Various examples of folded and circular 3-spin string solutions and their energies 
were discussed in IH] • I n most 3-spin cases finding explicit relation for the energy 
(14.22(1 is complicated, but one can always develop large Ji perturbation theory [T5j . 
We shall discuss some examples of such solutions below. 

Finally, let us note that while the Neumann or NR 1-d systems have a small finite 
number of commuting integrals, there are infinite commuting conserved charges in the 
original 2-d sigma model and the corresponding integrable spin chain on the SYM 
side. These are expressed in terms of the NR integrals in the present case, see [20] 
for details. 
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5 Simplest circular solutions in R t x S 5 : A = const 



A simple special class of solutions of the system 1)4.11)1 or (j4.17j) is found by demanding 
that the Lagrange multiplier A in (J2.12)) is constant, i.e. X]^ — X l2 d = const. In this 
case the radii rj turn out to be constant (and n a = 0, i.e. there are no bends). This 
represents an interesting new class of circular 3-spin solutions [33] which includes as 
a special case the circular solution of J3| where two out of three spins were equal. 



5.1 Constant radii solution 

Let us start with the Lagrangian (J4.ll)) written in terms of 3 complex coordinates z$. 
Then the equations of motion are 

3 

z'l + m\zi = , m| = w 2 + A , ^ |^| 2 = 1 , (5.1) 

i=l 

a = E(kf-^ 2 N 2 )- (5-2) 

i=l 

Eq. (|5.1|) can be easily integrated if one assumes that A = const, 

Zi = ai e inH<7 + b ie - im ^ , (5.3) 

where a,i,bi are complex coefficients. The periodicity condition Zi(a + 27r) = Zi(a) 
implies that must be integer. It is easy to show [33] that modulo the global 
SU(3) G SO(Q) invariance the solution of ()5.3|) that satisfies both A = const and 
Y^=i \z%\ 2 = 1 should have bi = (or = 0), i.e. should look like (m, may be positive 
or negative and <2j may be made real by U(l) rotations) 



3 



imt a Y^al = l. (5.4) 



It may seem that one may get a new solution if two of the windings rrii are equal 
while the third is zero, i.e. Z\ = a cos ma, z 2 = a sin ma, z 3 = a/I — a 2 (which is, in 
fact, the circular solution of ^1]), but this configuration can be transformed into the 
form ()5.4|) by a global SU (2) rotation. 

2 

One can also rederive (|5.4|) by starting with ()4.17)) . (j4.16|) . The potential w^r 2 + \ 

i 

in 1)4.17)1 has a minimum, and that suggests that =const may be a solution. The 
equations of motion that follow from 1)4.17)1 



% - Ar, , (5.5) 



V 2 
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are indeed solved by 



v 2 

Ti(a) — Oj = const , w 2 1 = v 2 = const , A = — v 2 , (5.7) 

a i 

where v is an arbitrary constant (which may be positive or negative). Eq. (J5.7j) then 
implies a 2 = , «■ = = ^y/w? - v 2 = m h i.e. a, = a 0i + mjcr, where 

must be integer to satisfy the periodicity condition (|4.4|) and a 0i may be set to zero 
by independent 50(2) rotations. Then 

3 

w 2 = m 2 + v 2 , Uj = a 2 mi , ^ a? = 1 . (5.8) 

i=l 

The constraints flO^flPDD give k 2 = 2£;L 1 a 2 iu 2 ~ v 2 , and £i=i a? u^m* = . As 
a result, we get the following relations for the energy and spins jHHj (cf. ()4.6)) . ()4.7jl ) 



^ = 2^f? + I /U;-. 2 , (5.9) 



2=1 

3 



7717 + ^ 



i=l 



t 
3 



E m ^ = °- ( 5 - n ) 

1=1 

We shall assume for definiteness that all Wi and thus all Ji are non-negative. Then 
(15.11)1 implies that one of the three m^'s must have the opposite sign to the other 
two. One can check directly that the only non- vanishing components of the 5*0(6) 
angular momentum tensor J MN ()2.14|) on this solution are indeed the Cartan ones Jj 
in flnH. 

The special case of v 2 = (or A = 0) corresponds to a solution for the string in 
flat space which can be embedded into S 5 by choosing the free radial parameters of a 
circular string to satisfy the condition J2i=i a j — 1- Indeed, as follows from (|5.8j) for 
v 2 = we find that all frequencies must be integer Wi = \mi\. We may choose, e.g., 
nil < 0, m 2 > 0, m 3 > 0, so that the solution is a combination of the left and right 
moving waves in different directions (we use complex combinations of the coordinates 
in (Q, cf. KSty . KSty ) 

3 

X 1 = ai e imi{a - T) , X 2 = a 2 e m2{a+T) , X 3 = a 3 e im3(<J+r) , = 1 . (5.12) 



i=l 



Here we get from ()5.9j) - ([5.11|) 



3 3 rr 3 



s 2 = 2j2\m\Ji , Er^7 = 1 > E m ^ = °- ( 5 - 13 ) 



i=l i=l i=l 
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This corresponds to a very special point in the moduli space of solutions. For fixed rrii, 
we get two constraints on Ji, and the energy is given by the standard flat-space Regge 
relation (cf. (|4.35)) ). Then |mi|j7i = m 2 j2 + Tn^Jz (where J 2 and J3 are related via 
Z)i=i j^| = 1) an d thus £ 2 = A\mi\Ji. The energy of this "flat" solution thus does 
not have a regular (jl.2|) expansion in integer powers of -js = 75-, J = Y3 l= \ Ji- This 
will no longer be so in the genuinely "curved" v 7^ case where we will have indeed a 
regular expansion for the energy in as in the case of the circular solution of |14j . 
This then opens up a possibility of direct comparison with perturbative anomalous 
dimensions in SYM theory. 

5.2 Energy as function of spins 

In general, to express £ in terms of Ji and rrii one is first to solve the condition 
()5.10|) in terms of v, determining v as a function of Ji and rrii and then substitute 
the result into (J5.9|) . The condition (|5.11|) may be imposed at the very end, implying 
that for given spins Ji the solution exists only for a special choice of the integers 
rrii. Expanding in large total spin J = Y^=\Ji as i n [HI EE] ane finds [33] that 
v 2 = J 2 - X^ =1 m 2 2f + ... and thus 



Thus, as in other examples in ^IJEIEI]; here the energy admits a regular expansion 
in 4?=j>z as in (fOJ) 



where rrii should satisfy the constraint Y^=i m iJi = 0. 

Let us now look at some special cases. In the one-spin case (0,0, J3), i.e. J\ = 
J2 = 0, ai = a 2 = 0, we have w\ = z/ 2 , i.e. m 3 = and J3 = W3, and then £ = J 3 . 
This is simply the point-like BMN geodesic case: there is no a-dependence. 

In the two-spin case (Ji, Ji,0), i.e. Jz = 0, a 3 = 0, the equation f)5.10j) for u 2 
becomes a quartic equation. Its simple explicit solution is found in the equal-spin 
case when Ji = J 2 , i.e. when 




(5.14) 



J \ 3 T 

2 u i 1 \ t 1 2 "^i 1 

^7 + -) = J r +2jE^ 7 + 



(5.15) 



1 



(5.16) 




m2 = —mi = m > , 



so that 



£ = V J* + m 2 ; 



J = + J 2 = 2J 2 , 



(5.17) 



i.e. 




(5.18) 
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We get 



Xi = -L e iWT - ima , X 2 = * e ™ r+imfT , w = vV + m 2 . (5.19) 

V 2 v 2 

This solution is thus equivalent to the circular 2-spin solution of [Hj - it is related 
to it by an SO (A) rotation: X[ = ^=(Xi + X 2 ), X' 2 = ^(-Xi + X 2 ). In the general 
case of two unequal spins we can again solve (|5.1U"i in the limit of large J\,Ji (for 
fixed mi, m 2 ), getting the special case of ()5.14|) with m\J\ + m 2 J 2 = 0, J% = 0. 

Another special case is (J 2 , J 2 , J3) when two out of three no n- vanishing spins are 
equal, e.g., J\ = J 2 - Setting 

m 3 = , mi = —^2 = m , a 3 = a < 1 , a x = a 2 = yl — a 2 , (5.20) 



J 3 = a 2 u, Ji = ^2 = -(l-oVm 2 + i/ 2 , (5.21) 

we thus find from (J5.14)) 

5 = ^+!^ + ..., i.e. E = J+?^ + ..., J = 2J 2 + J 3 . (5.22) 

This solution is equivalent to the circular 3-spin solution with two equal spins in 
[1*4*1 l""5*j (the two backgrounds are related by a global rotation in X 2 , X 3 directions 
converting e imcr into cos ma and sin ma). The corresponding operator in the gauge 
theory tr (X Jl Y Jl Z j3 ) + .... (belonging to the SO (6) representation with Dynkin 
indices [J 2 + J3, 0, J 2 — J3] for J 2 > J 3 ) which has the 1-loop anomalous dimension 
equal to ()5.22j) does indeed exist as was found in |2*T| . 

More generally, we may consider a 3-spin solution ( J 2 , J 2 , J3) with 7713 7^ 0, so that 
(mi + m 2 ) J 2 + m 3 J 3 = 0. Then (J5.15J) gives 

£ = J + + ml + (mi + m 2 ) 2 ^] + ... , (5.23) 

which generalizes ()5.22|) to the case when mi + m 2 7^ 0. The energy is minimal in 
the latter case. This suggests that the band of such states in the same representation 
[J 2 + J 3 , 0, J 2 — J 3 ] (if I 1 > 1) but with higher energy than (j5.22|) should also 

be found on the SYM side. 

To summarize, the constant-radii solutions of the NR system represent a simple 
generalization of the circular 2-spin and 3-spin solutions of [T3j which have regular 



expansion of the energy in powers of jy. Therefore, it should be possible to match, as 
in [THl CHI CHI EJJ , the coefficient of the O(A) term in (J5~T4|) with the SYM anomalous 
dimensions determined by the Hamiltonian of the integrable S77(2, 2|4) spin chain 
[2*2*| 12*3*] in the corresponding 3-spin subsector of states. 
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5.3 Quadratic fluctuations near circular solutions 

The remarkable simplicity of the circular solutions discussed above makes it easy to 
find the quadratic fluctuation action and to compute the corresponding spectrum of 
string fluctuations. This in turn allows one to analyse the stability of the solution 
and to find the string 1-loop correction to the ground-state energy, in the same way 
as this was done in for a particular 3-spin circular solution with two equal spins 
(j5.21j) . In spite of the a-dependence of the solution, the quadratic action turns out to 
have constant coefficients, just like in the BMN case jUE] when one expands near the 
point-like geodesic in S 5 [HUH]- Sending J — > oo for fixed -j? <C 1 suppresses higher 
loop corrections to masses of excited string states. As a result, as in the "plane- wave" 
BMN case, the string fluctuation spectrum can be found exactly. 

To illustrate this, here we shall consider the bosonic part of the quadratic fluctu- 
ation action following The fermionic part of the spectrum can be easily found 
in the same way as was done (in a special case (|5.21Jl ) in a [THj . In contrast to the 
BMN case, here we are expanding near a non-supersymmetric solution, and the re- 
sulting world-sheet string action (in the static or light-cone type gauge) will not have 
a world-sheet supersymmetry. There remains an interesting question if a "nearly- 
BPS" property of similar rotating string solutions in the A — > limit observed in [32] 
imposes certain constraints on the world-sheet action. 

It is straightforward to find the quadratic fluctuation Lagrangian by expanding 
near the solution (|5.4j) or (J5.7j) - (j5.8|) following ES]- Using 3 complex combinations 
of coordinates in ()4.2|) and expanding (X; — * X, + Xj) the sigma model action (J2.5J) 
near the classical solution ()5.4|) . i.e. 

X, = ai e iWiT+imia , w] = + z/2 , ]T a 2 = 1 , £ a 2 iWimi = 0^.24) 

i=l i=l 

we find the following Lagrangian for the quadratic fluctuations (see |15j ) 

L = - l -d a %d a X* + ^AX,X* , (5.25) 
where A = — v 2 (see (15.7(0 and Xj are subject to the constraint* 

j2(X l X*+X*X l )=0. (5.26) 

i=l 

To solve this constraint we set 

X* = e iw ^ +im ^( 9i + if,) , (5.27) 

*The imposition of the conformal gauge constraints on the fluctuations is not necessary in order 
to determine the non-trivial part of the fluctuation spectrum |14l 115) (solving the constraints in 
terms of fluctuation of t leads to equivalent result ^H])- In addition to 5* 5 fluctuations there are also 
AdSs fluctuations: one massless and 4 massive ones with mass k coming from the classical value of 
the Lagrange multiplier A ^] ^] . 
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where gi and fi are real functions of r and a. Then 1)5.26)1 reduces to 

3 

£fltfi = 0. ( 5 - 28 ) 
i=i 

Using (J5.27)) the Lagrangian (J5.25)) becomes (after integrating by parts, cf. [To] ) 

(5.29) 



3 Pl 



i=i 



-Zv o^P ^PQ^P^Q HpqXpX g , (5.30) 



To solve the linear relation (|5.28)1 we may apply a global 0(3) rotation to gi, g~i = 
Mij(a)gj, which preserves the kinetic terms in (15.29)1 and transforms J2i=i a %9i into g~\\ 
then we may set the latter to zero in the resulting Lagrangian (15.29)1 . Equivalently, 
we may solve (J5.28)) directly for g x and substitute it into ()5.29)1 . The result (after 
diagonalization) is a special case of the following 2-d Lagrangian (summation over 
p, q is assumed) 

l.o 1 

2 

where x p = (fx, f 2 , /3, g2, gz) and F pq and H pq are constant antisymmetric matrices 
depending on ai,Wi,rrii. Eq. ()5.3()j) can be written also as (ignoring total derivative) 

L — {ip ~\- FpqXq) ^pg^g) (^pg-^gfe HpqHq^XpX]^ , (5.31) 

i.e. it represents a massive scalar 2-d theory coupled to a constant 2-d gauge field 
(which can be "rotated away" at the expense of making the mass term r and a 
dependent). The Lagrangian 1)5.30)) can be also interpreted as a light-cone gauge (u = 
t) Lagrangian for the bosonic string sigma model L = —(r] ab g mn + e ab B mn )d a x m dbX n 
in (in general, non-conformal) plane-wave background with the following metric and 
antisymmetric 2-form field 

ds 2 = 2dudv + 2F pq Xpdx q du + dx p dx p , B 2 = 2H pq x p dx q A du . (5.32) 

By analogy with the BMN case, one may say that the geometry "seen" in the large 
J limit by the circular rotating string is a generalized plane-wave background. The 
resulting quadratic string excitation spectrum for such an action can be found in a 
more or less explicit way (as in [70]). 

For example, let us consider the 2-spin case where m 3 = and 

a 1 + a 2 = 1 , a 3 = , a 1 miWi + a 2 m2W2 — , w 1 — m 1 = w 2 — m 2 = v . (5.33) 

We shall assume that Wi > 0, m 1 < 0, m 2 > 0. In this case fz.gz decouple (they 
have mass v, cf. f)5.25j) ) and we get the following Lagrangian for the remaining three 
ovfluctuations fi,f 2 and (rescaled) g 2 

L = \{ft + ft + &-f?-tf-&) 
+ 2(a 2 w 1 f 1 - aiw 2 f 2 )g 2 - 2(a 2 m 1 f 1 - a x m 2 f 2 )g 2 . (5.34) 
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To find the spectrum of characteristic frequencies corresponding to this action we 
note that since fa and g« must be periodic in a one can expand the solution of the 
quadratic fluctuation equations in modes 



x '= E E A S ei(n "' fcT + na) , ( 5 - 35 ) 



n=—oo k=l 

where k labels different frequencies for a given value of n (we shall suppress the index 
k below). Plugging this into the classical equations that follow from ()5.34|) one finds 
the following equation for the 4 non-trivial characteristic frequences (it expresses the 
vanishing of determinant of the characteristic matrix) 

(tt 2 - n 2 ) 2 - 4a 2 .(w 1 fi - m x n) 2 - Aa\(w 2 Vt - m 2 n) 2 = . (5.36) 

The stability condition is that all 4 roots should be real. The solutions are obviously 
real for n = so an instability may appear only for n = ±1, .... In the special case of 
the equal-spin circular solution of [T3j, i.e. ([5.16|) . ([5.17jh we find (f2 2 — n 2 ) 2 — Aw 2 VL 2 — 
Am 2 n 2 = 0, i.e. 



n 2 ± = n 2 + 2v 2 + 2m 2 ± 2yj{v 2 + m 2 ) 2 + n 2 (u 2 + 2m 2 ) , (5.37) 

which implies instability when n 2 —4m 2 < 0, i.e. for n = ±1, ±(2m — 1) [T^]. This 
instability is present also for generic 2-spin solutions with a\ ^ a 2 , mi ^ — m 2 . 

In spite of the instability it is useful to work out the spectrum of frequences in 
the limit of large spins (i.e. large u, cf. (J5.21J0 since the resulting energies may be 
compared to SYM theory. The large v expansion of (j5.37J) gives (for the lower-energy 
modes) 

= ±— nVn 2 - Am 2 + 0(— ) , (5.38) 

and so the contribution to the energy of rotating string from (a pair of) such modes 
is (here k 2 = v 2 + 2m 2 , J = Ji + J 2 = y/\ y 'v 2 + m 2 ) 

AE n = = \n^n 2 - Am 2 + 0(\) = ^n^/n 2 - Am 2 + O& . (5.39) 

K V 1 J 2 J 4 

This expression was indeed reproduced ^B] on the SYM side (for m — 1) as the 
anomalous dimension of excited string states corresponding to a particular Bethe 
root distribution of a Heisenberg spin chain related to the dilatation operator in the 
two R-charge sector. 

In the general (m 1; m 2 ) case, there are modes that have fl ~ - and modes for which 
Q 2 — > 4z/ 2 at large v (see ^3]). Expanding (J5.36j) at large v assuming Q = O(-) we 
find the following generalization of (J5.38|) 



= — n 
2v 



2a\mi + 2a 2 m2 ± Jn 2 — Aa 2 a 2 (mi — m 2 



0(h , (5.40) 



v 3 ' 
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where a\ + a 2 = 1. Eq. (J5.4()j) reduces to (J5.38j) in the equal-spin case when a\ = 
a 2 = |, mi = — 77i2. Recalling that we have the constraint m\J\ + ra^Ji = 



where Jj = a 2 ^m 2 + v 2 , one concludes about the existence of unstable modes with 
n 2 < 4|mi77i2| jHS]. Again, one should be able to reproduce the analog of ()5.39|) in 
the case of (|5.40J) on the gauge theory side. 



It is straightforward to find the generalisation of l|5.34j) . (|5.36|) to the 3-spin case, 
i.e. when a 3 is non-zero. The resulting spectrum is similar to the spectrum in the 
(Ji, J% = J3) case in [THj. The generalization of the eq. (|5.3fij) to the 3-spin case is 



(n 2 - n 2 ) 4 - (n 2 - n 2 f[{a 2 2 + a 2 )fi 2 + (a 2 + a\)Vi\ + (a 2 + a 2 )^] 

+ altt 2 JSl + c$%C% + a\h 2 2 VLl = , (5.41) 

where f2j = 2(u>jf2 — rriin) and a; and Wi can be expressed in terms of v and mj 
using Setting fi 3 = 0, a 3 = leads us back to Eq. flOTD gives 8 

characteristic frequences, 4 of which scale as ^Cl in the large v (large J~) limit. In 
general, there is a range of parameters for which the solution is stable ^Sl ESI, l - e - 
f2's are real. 

For example, for the choice of the parameters in (|5.20|) when two of the spins are 
equal, we find [T^] (VL — ► -0) 



n 2 = -n 2 
4 



n 2 + 2(3a 2 - l)m 2 ± 2m J(3a 2 - l) 2 m 2 + 4a 2 (n 2 - m 
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(5.42) 



Note that the limit m = corresponds to the point-particle (BMN) case when Q = 
\/ is 2 + n 2 . The condition of stability, i.e. f2 2 > is obtained by demanding that 
(p 2 - A)(p 2 - 4a 2 ) > and (3a 2 - l) 2 + 4a 2 (p 2 - 1) > 0, where p = For m = 1 
the stability condition is satisfied if a 2 > \ [T3]. Similar stability conditions on a (or 
COS70 in the notation of [T^]) are found for other values of m [TSJ I 



5.4 1-loop string correction to the classical energy 

As was shown in jT^], for the stable 3-spin solution (|5.20|) one can compute the 1-loop 
correction to the classical energy ()5.22|) by summing over all (bosonic and fermionic) 
fluctuation frequences. As in the static gauge, here t = kt and so the space-time 
energy and the 2-d energy (sum of hjj n for all oscillator frequencies) are related by 
[TT1 ITS] E = ^E 2 _d- Thus the 1-loop correction is given by the standard sum of the 
oscillator frequencies 

E=-E 2 _ d = ^( J>»- £ w f) , (5.43) 

ZK nez reZ+ i 

where u>^ = Y%=i ^nk an d u r = ^k=i ^rk an< i the index k labels the characteristic 
frequencies. Here we need also to include contributions of AdS$ fluctuations with 
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masses equal to k |15j . As expected on the basis of conformal invariance of the 
AdS$ x S 5 string theory, this expression is found to be UV finite [T3]. The 1-loop 
correction vanishes in the "point-particle" limit when m = in ([5.20|h in agreement 
with the non-renormalization of the energy of the corresponding BPS state dual to a 
gauge theory operator with protected conformal dimension 

As was found in [TS], the leading term in E\ in the large k ~ v ~ J limit is given 
for m — 1 by 



E 1 = - 9 d l + 0{\) , (5.44) 



K 2 K 3 ' 



1 



d 1 = --[5a 2 + 4 - ^/3(Aa 2 - 1) - 4V3a 2 + 1] . (5.45) 

We are interested in the limit when J, — ► oo with y held fixed (here J = Y^=i J% — 
Ji+2J 2 ). Since at large k we have = and (see (j5.21jl ) a = a(^f) « 1— ^ > | 

we get (cf. (IQIl ) 

Si = -^di(^) + ... • (5.46) 

For J ^> J 2 we find ^i( j ) ~ 1 — j ■ Combining this with the classical result for the 
energy (|5.22jl . we obtain [12] 

E = J + A[j 2 + + ...] + ... = J + ±[± + + ...] + ... , (5.47) 

i.e. 



^^7 



f + >-^o ( ,^)] + o(i: 



O(^) . (5.46 



We conclude that the leading order J term in the clssical energy is not modified by 
the 1-loop correction, and that the 1-loop contribution to the first classical correction 
term j is subleading in the j expansion, in agreement with (jl.6j) . 

It is natural to conjecture that all higher-loop sigma model superstring corrections 
are also subleading at large J. As in the BMN case (see and sect. 3.2 in |12j). the 
underlying reasons for this should be that (i) the 2-d energy of this 2-d UV finite QFT 
on a compact space (cylinder) should admit a regular inverse-mass expansion, and 
(ii) the space-time supersymmetry of the superstring action "spontaneously" broken 
by the solution should imply some kind of "asymptotic supersymmetry" . That would 
mean that in the limit when J is sent to infinity for fixed the classical expression 
for the ground-state energy (|5.15)) . ([5.22j) and the energies of excited string states 
obtained from quadratic fluctuations are exact, just like in the BMN case. 

Similar conclusions should apply for all multispin string solutions that have energy 
admitting a regular expansion in as in (|1.2|) . If there is indeed a general relation 
between the regularity of the classical expression of the energy and suppression of 
quantum corrections to it in the J —* oo limit remains to be understood. 

As discussed in section 1, it should be then be possible to compare the classical 
energy with the SYM anomalous dimension also computed in the limit of large J. Such 
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a comparison was indeed successfully performed for the 2-spin circular ^01 EH E] 
and folded E3 UH] string solutions and the 3-spin circular solution of [H] with 
two equal spins j2"T] . 

Another interesting open problem is to compare the string 1-loop j correction to 
the leading j term in (J5.48|) with the corresponding j correction to the thermody- 
namic limit of the Bethe ansatz expressions for the anomalous dimension j2J on the 
gauge theory side. 



6 Rotating strings in AdS$ x S 5 

Let us now generalize the discussion of section 4 to the case when the string can 
rotate in both AdS^ and S 5 . For that we need to supplement the S 5 rotating string 
ansatz (JO) by a similar AdS 5 one [TH ITR1 : 



ILiJqT 



Y = Y 5 + iY = z (a)e 

Y 1 = Y 1 + iY 2 = z 1 (a)e iuJlT , Y 2 = Y 3 + tY 4 = z 2 (a)e iuJ2T . (6.1) 

Here the functions z r = (z ,zi,z 2 ) are, in general, complex, and because of the con- 
dition t)mnY m Y n = — 1, their real radial parts lie on a hyperboloid (r] rs = (—1, 1, 1), 
cf. (jOD ) 

z r = r r e i/3r , r] rs r r r s = -r^ + r^ + r^ = -1 . (6.2) 

In sections 4 and 5 we had r = 1, r x = r 2 = 0, (3 r = 0. To satisfy the closed string 
periodicity conditions we need, as in ()4.4|) . 

r r (a + 2vr) = r r (cr) , &(<r + 2ir) = f3 r (a) + 2-kK , (6.3) 

where k r are integers. Comparing (J6.1|) to (J2.15j) we conclude that the AdS$ time t 
and the angular coordinates 0i, 2 are related to j3 r by 

f = u T + (3 (a) , 0i = uit + (3x(a) , 02 = ^ 2 r + (3 2 (a) . (6.4) 

We shall require the time coordinate t to be single-valued, i.e. ignore windings in 
time direction and will also rename u>o into k, i.e. 

k = , ujq = k . (6.5) 

The three 0(2,4) Cartan generators (spins) in ()2.18|) here are (So = E, u r = 

(uo : Ui,u 2 )) 

S r = V\uj r / ^-4(a) = V\S r . (6.6) 
In view of (16. 2 j) . they satisfy the relation 

E sr Sr . £■ S\ S 2 
7] — = -1 , i.e. = 1 . (6.7) 

a>r UJ S K LOi U 2 
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Substituting the above rotational ansatz into the AdSs Lagrangian (and changing 
overall sign) we find the analog of the 1-d Lagrangian (j4.11j) in the S 5 case [33] (we 
assume sum over repeated indices r, s) 

L = ^(z'X ~ ^VzD - h(vV s + 1) • (6.8) 

Like its S 5 counterpart (|4.11|) . this 1-d Lagrangian is a special case of an n = 6 
Neumann system, now with signature ( — h + + H — ), and thus represents again an 
integrable system, being related to a special euclidean-signature Neumann model by 
an analytic continuation. The reduction of the total AdS$ x S* 5 Lagrangian on the 
rotation ansatz is then given by the sum of (|4.11j) and (J6.8|) . From (J6.8|) we find as 
in (OKI) 

f3' r = -^, u r = const , (6.9) 

r 

so that the effective Lagrangian for the radial coordinates becomes 

L = - V rs (r' r r> s - uj 2 r i s i s - ^) - -A(rf s r r r s + 1) . (6.10) 

Thus ()6.10|) describes a Neumann-Rosochatius integrable system with indefinite sig- 
nature, i.e. with Sij replaced by r] rs (cf. (I4.17|) ). 

We should also require the periodicity condition analogous to (j4.21j) : u r J 27r -4j-\ = 
2irk r . Then k implies that we should set u = as a consequence of single- valuedness 
of the AdS$ time. 

While the equations for and r r following from ()4.15|) and (|6.10p are decoupled, 
the variables of the two NR systems are mixed in the conformal gauge constraints 
(|2.7|) . (|2.8|) which now take the form (generalizing (|4.19|) . (|4.2U|) where we had r = 

1, U r = 0, T a = 0) 

r'o 2 + ^ = E« 2 + ^ + |) + I>? + ^ 2 + f), (6.H) 

2 3 

J2uj a u a + ^10^ = 0. (6.12) 

a=l i=l 

Here r 2 , — Y? a =i r o = 1> anc ^ Si=i r 1 = 1 an d we use d that u = 0. One can then repeat 
the discussion of sections 4.2, 4.3 and 4.4 in the present case, classifying general 
solutions of the resulting NR system. One again finds folded and circular solutions, 
and the two-spin folded solution exists only if the string is bent |18j . 

6.1 Simple circular strings in AdS 5 

Let us first assume that the string is not rotating in S 5 (i.e. Wi, Vi — 0, r» = const) and 
consider the AdS& analog of the simplest circular solution of section 5 by demanding 
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A = const. The discussion is exactly the same as in section 5 with few signs reversed. 
As in section 5.1, finding solutions with A = const turns out to be equivalent to 
looking for constant radii (r r = const) solutions. Then (cf. ()5.7|) . ()5.8|) ) 

r r = a r = const , (3 a = k a a , k = , u = , u a = a 2 /c a , (6.13) 

uj 2 = k 2 = A , u 2 a = k\ + k 2 , a = 1, 2 . (6.14) 

The energy as a function of spins is then obtained by solving the system that follows 
from the definition of the charges (|6.6|) and the constraints (|6.11|) . (|6.12J1 with k as a 
parameter (cf. (j5~TU|l - (lo~TT|l ) 

S Sl 52 1, (6.15) 



K ^Jkf + K 1 ^k\ + 

1 



kE - ^k 2 = y/kf + S l + yjk% + k 2 S 2 , fciSi + & 2 <S 2 = . (6.16) 

This implies $= = H f 2 „ fc2 „ = ^k 2 . Considering the limit of large spins Si 1, 

with fc a being fixed we conclude that k = (2A; 2 5i + 2k\S 2 ) 1 l' i + ••• and then 

£ = S!+S 2 + ^(2fc?Si + 2A; 2 5 2 ) 1/3 + ... , (6.17) 
or, in view of fci<Si = —k 2 S 2 (treating Si, S 2 and &i as independent) 

£ = S + h2klS^-) 1/3 + ... , s = s 1 + £,. (6.18) 
4 o 2 

Using ()6.6|) this can be rewritten as 

E = S + ^(XS)^(2kl^) 1/3 + ... . (6.19) 
4 o 2 

The case of ki = —k 2 = k when the two spins are equal S\ = S 2 = |<S is that of the 
the circular solution found in ^3] for which we get 

E = S + ^(2k 2 XS) 1/3 + ... . (6.20) 

As was shown in this k\ = —k 2 solution is stable only for small enough S (namely, 

s < for k = !)■ 

The "non-perturbative" scaling of the subleading term in ()6.19|) with A precludes 
one from direct comparison of the above energies to anomalous dimensions of the 
corresponding ^1] SYM operators which (in euclidean version) have the following 
structure [Hj tr($(Z?i + iD 2 ) Sl (D 3 + zD 4 ) 52 $) + .... This is unfortunate, since such 
operators are of more "realistic" type similar to the ones relevant for high-energy scat- 
tering in non-supersymmetric gaure theories - they contain many covariant derivatives 
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instead of many scalars and thus may appear in less supersymmetric gauge theories 
without adjoint scalars. 

It turns out that one needs a large J spin in S 5 directions to have a regular (J1.2j) 
expansion of the energy. Indeed, the situation changes when we consider "hybrid" 
solutions where the circular string rotates in both AdS§ and S§ directions. 



6.2 Constant radii circular strings in AdS§ x S 5 

It is straightforward to combine the solutions of sections 5.1 and 6.1 to write down 
the most general circular constant-radii solution in AdSz, x S 5 jHS] • It is parametrized 
by the frequences (a = 1, 2; i = 1, 2, 3) 

uj = k , u 2 a = k 2 a + n 2 , w 2 = m 2 + v 2 , k 2 = A , v 2 = -A , (6.21) 

related to the energy £ and 2+3 spins S a and Ji and topological numbers k a and rrij. 
These will be related by (J5.1U|) and (|6.7|) as well as by the conformal gauge constraints 
(|6.11J1 and (|6.12j) . Explicitly, we get the following generalization of both (|5.9J) - (|5.11j) 
and (I6~T51) . (I6~TB1 

(6.22) 

(6.23) 
(6.24) 

Here k and v (or the two Lagrange multipliers in (|6.21|) ) are parameters that need to 
be solved for in order to find £ as a function of the spins S a , Ji and windings k a ,rrii. 
The solution exists only for such integers k a and m, that satisfy (|6.24|) . 
If all spins are of the same order and large <S a ~ Ji 1 we find 



3 J. 

i=i J m 2 + v 2 


£ 

K 


2 

E 

a=l 


2 , 


3 




2k£ - 2 \JK + K 2 S a ~ « 

0=1 


= 2E 

i=l 




2 3 

k a S a + ^ rrii Ji 

a=l i=l 


= . 





k = J+^{j2rn 2 J l + 2Y J k 2 a S a )+0{^-) , J = Y.J , 

L J i=l a=l ^ i=l 



1 A ~, 1 



" = ^-^E™^ + 0(— ) , (6.25) 
and thus [S = X) =i ^ 



3 2 

(E^ + E' 

i=l a=l 

or 



£ = J + S + --{Ym 2 J t + Y,k 2 a S a )+0{—) , (6.26) 



ZJ i=l a=l J 
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This expression is a direct generalization of (|5.15jl in the S a = case. The energy 
is minimal if mf and k 2 have minimal possible values (0 or 1). We may also look 
at a different limit when J ^> S ^> 1. In this case we get a "BMN-type" (single J 
rotation) asymptotics with the leading term still given by (|6.27|) . i.e. AE ~ -^pS. 

As an example, let us consider the simplest hybrid solution when only one of each 
types of the spin is non-zero, i.e. J\ = J ', S\ = S, S 2 = Ji = J3 = 0. Then 
r 2 , — rf = 1, r 3 = and T\ = 1, r 2 = r 3 = 0, i.e. (cf. (|2.15j) ) 

Y = coshpo e iKT , Yi = sinhpo e iulT+ika , Xi = e iWT+ima , (6.28) 

where ro = cosh po determines the fixed radial coordinate in AdS$ at which the 
string is located while it is spread and rotating in <pi (it is positioned at 9 — 5 and 
02 = in S 3 of AdS<s). Also, the string is a rotating circle along <pi in S 5 located at 
f2 = ^3 = 0) 7 = f ' = 0- ^s energy for J7" ~ 5 ^> 1 is then 

£ = j + 1 S+^(m 2 J + A; 2 5) + ... . (6.29) 

One can easily analyse the fluctuations near this solution as was done in in section 5.3 
[3*o] . We find 1 massless and 4 massive (mass v) fluctuations in S 5 directions; in addi- 
tion to 2 massive (mass k) decoupled AdS§ fluctuations there are also 3 coupled ones 
with a Lagrangian similar to ([5.34)1 . Then the equation ()5.36|) for the characteristic 
frequences becomes 

(tt 2 - n 2 ) 2 + 4r 2 (K^) 2 - Ail^n - kn) 2 = , (6.30) 

and one concludes that this (S, J) solution is always stable. Indeed, setting ro = 
a, ri = V a 2 — 1 we get 



0_ = — n 
2k 



2a 2 k±Jn 2 + 4a 2 (a 2 -l)k 2 



O(A) , (6.31) 



K 3 ' 



so that for any a = cosh p > 1 there are no unstable modes. 

The conclusion is that for a regular large-spin expansion of the energy one needs 
to have at least one (large) component of spin in S 5 direction. This turns out to be 
true also in the case of other (folded and circular) spinning string solutions with more 
complicated a-dependence. 



7 "Inhomogeneous" two-spin solutions in AdS^xS 5 
7.1 Rotating ansatz in terms of angles 

If we set k a and m 8 or u r in (jtj.lUJI and Vi in (|4.17|) to zero (i.e. assume that the 
angles 4> a and tfi do not depend on a), the AdS 5 x S 5 NR system reduces to the 
sum of the two n = 3 Neumann systems. Then rotating strings carrying 2+3 charges 
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(S±, S 2 ; Ji, J 2 , J3) and the energy E are described by the following ansatz in terms of 
angles in (l2~T5]) |H] 

t = KT, 4> a = u a T, ipi = WiT , p(a) = p(a + 2tx) . (7.1) 

The remaining angles may depend only on a, i.e. 9 = 0(a), 7 = 7(c) and ifi = ip(cr) 
and may be periodic modulo 2-7T shift, e.g., ip(a + 2tt) = xjj(a) + 2im. If n = we get 
folded solutions, if n 7^ we get circular solutions |18j . 

The conserved charges in (|2.18j) . (|2.19jl then have the following explicit form 

5 1 = ui ft* % sinh 2 p cos 2 9, J 1 = w 1 % sin 2 7 cos 2 ^ , 

5 2 = uj 2 % sinh 2 p sin 2 9, J 2 = w 2 g sin 2 7 sin 2 if, , (7.2) 
£ = K Jo " If cosh 2 p , J 3 = w 3 g cos 2 7 • 



The sigma model equations for the cx-dependent angles (p, 9) 

p" - sinh p cosh p (k 2 + 9' 2 - u 2 cos 2 9 — u\ sin 2 0) = 
(sinh 2 p 9')' — (ujf — <J$) sinh 2 p sin 9 cos = 0, 



(7.3) 



and (7, ifj) 



7" — sin 7 cos 7 (w 2 + ?// 2 — u> 2 cos 2 ip — w\ sin 2 ijj) — . 
(sin 2 7 if)')' — (w\ — w 2 ) sin 2 7 sin^> cos-^ = , 



(7.4) 



are decoupled from each other. As explained above and in ^8], the resulting sys- 
tem of equations is completely integrable, being equivalent to a combination of the 
two Neumann dynamical systems. As a result, there are 2+2 "hidden" integrals of 
motion, reducing the general problem to solution of two independent systems of two 
coupled first-order equations, with parameters related through the only one nontrivial 
conformal gauge constraint 

p' 2 — k 2 cosh 2 p + sinh 2 p (9 12 + u\ cos 2 9 + u\ sin 2 9) 
+ 7 /2 + w 2 cos 2 7 + sin 2 7 (tp' 2 + w\ cos 2 ip + wl sin 2 ip) = . (7.5) 

Note that the two metrics in (j2.16j) . (j2.17j) are related by the obvious analytic contin- 
uation and change of the overall sign, which is equivalent, for the present rotational 
ansatz (|7.1jl . to 

p <->■ i'j , 9 ijj , k > —W3 , LOi <-> — Wi , uj 2 <-> — • (7.6) 

This transformation maps the system (J7.3)) into the system (|7.4jl and also preserves 
the constraint (|7.5jl . Thus it formally maps solutions into solutions fHlEIj- Under 
(17. 6 j) the conserved charges (|7.2|) transform as follows 

Si^Ji, S 2 ^J 2 , E <-> - J 3 . (7.7) 
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This corresponds to interchanging different SO (2) generators of the symmetry group 
50(2,4) x 50(6). One can find also other similar transformations that map solu- 
tions into solutions by combining ()7.6|) with discrete 50(2,4) x 50(6) isometries like 
interchanging the angular coordinates (see below). 



7.2 Folded two-spin solutions: (S,J) and (J\, J2) 

Let us now review the two non-trivial two-spin folded string solutions which are, in 
fact, related by the above analytic continuation. 
The first is the "(5, J)" solution [TT] 

k,u u w 3 ^0, p = p(<r), 9 = 0, 7 = 0, ^ = 0, (7.8) 

where the string is stretched in the radial direction p of AdS§ and rotates (ui) in 
AdS^ about its center of mass. The latter in turn moves (W3) along a large circle of 
5 5 . In the limit of point-like string (5 = 0) this becomes a massless geodesic in 5 5 
as in jH |H]. In the case of W3 = this becomes the folded string rotating in AdS% 
[3*71 |H] . The gauge constraint ()7.5j) and the integrals of motion (|7.2j) here become 

p' 2 — k 2 cosh 2 p + uj\ sinh 2 p = —w 2 , J = J 3 = W3 , 

Z" 271 " dcr n f 2n du ( 7 - 9 ) 

S = Si = LOi / — sinh p , £ = k I — cosh p . 
Jo 2n Jo 2ix 

For the second "(Ji, J2)" solution one has [Hl[T7j 

k, Wi ,w 2 ^0, p = 0, 9 = 0, 7 =|, V = #r)- (7-10) 

Here the string is located at the center of A(i55 while it is stretched (ip) along a great 
circle of 5 5 and rotates (W2) about its center of mass which moves (w\) along an 
orthogonal great circle of 5 5 . The gauge constraint f)7.5") and the integrals of motion 
(|7.2I) here are 

ip' 2 + w\ cos 2 ip + wj sin 2 ip = k 2 , £ = k , 

f 2w dcr 2 , rr f 2w da 2 , ( 7 - n ) 

Ji = wi — cos ip , J2=w 2 - sin f 
Jo Itx Jo Itx 

In view of ([7.6|) . ([7.7|) we conclude that these two solutions are related by the following 
analytic continuation: 

p -> iip , k > -wi , ui -> -w 2 , ^3 -»• -« , 

(7.12) 

— > — t/i , 5 — ► t/2 , t7 — > — . 

Here we are assuming that p(a + 2n) = p(a) and ip(a + 2tx) = ip(cr), i.e. i/j does 
not have a winding number. This choice corresponds to a folded string solution (a 
two-spin generalization of the solution of pTT] IHj). 
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The first-order equations in (J7.9)) and (|7.11jl are first integrals of the sinh-Gordon 
and sine-Gordon equations for p and ip, respectively, which are the only non-trivial 
equations of the total Neumann systems one is to solve in the present two cases: here 
the related hyperelliptic curve (see section 4.3) reduces to an elliptic one. Indeed, 
their solutions can be readily expressed in terms of elliptic functions (see below). 

One can also directly relate [12] the systems of equations expressing the period- 
icity condition and the respective energies and spins. In the first case ^T] we get, 
introducing a modular parameter q < related to the maximal value of the radial 
AdSs coordinate po 

2 2 

q = -sinh 2 po = K ~ W \ < , (7.13) 

K z — LOf 



-q . . k 2k a/— q 



K 2 _ w l = K (q) , S = K + —S= i E(q) 



where K(q) and E(q) are the standard complete elliptic integrals of the first and the 
second kind.* Solving for U\ and k in terms of J and q we get the system of two 
equations for the energy as a function of the spins £ = S(S, J) 



(k(<o) 



s 



K(q)-E(q) 




(7.14) 
(7.15) 



where the parameters q is negative for a physical folded solution. The second of these 
two parametric equations determines q in terms of S and J7", while the first one then 
gives the energy as a function of the spins. 

Similarly, for the (J\, J2) solution ()7.10j) one finds (we assume <jj\ > uj\\ here 
tpo is the maximal value of ip) 

_ ■ 2 , k2 ~ w i . n ! Ji , ^2 p 
q = sin ipo = > , 1 = 1 , t — k , 

W2 — wf Wi w 2 

Ji = , 2v " 1 = E( q ) , - < = - K (q) • ( 7 - 16 ) 

The solution of the equation in (|7.11j) for ip can be written as follows 

cosip(a) = r±(a) = dn ( Aa, q) , smip(a) = r 2 (cr) = y/q sn.{Aa, q) , (7-17) 



*They are defined by K(q) = L 2 , = and E(q) = f„ 2 day/ 1 — qsin 2 a and are related to 

u y/ 1— qsin 2 a ' 

hypergeometric functions 2Fi(h, |; 1, q) = - K(q), 2-Fi( — 5, |; 1; q) = - E(q). Let us note also that 
the elliptic integral of the third kind is defined by H(m 2 ,q) = da , 

u (1 — m 2 sin 2 a)y 1— qsin 2 a 
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where r 3 (cr) = (7 = |, cf. (j2.15j) ). A = -K(q) and dn and sn are the standard elliptic 
functions. t Here we finish with the system of two equations determining £ = £{J\, J%) 



' £ V ( JiY i 

K(q)J \E(q)J ~n 



-q, (7.18) 



J2 Y ( Ji V 4 



K(q)-E(qW \E(q) tt 2 



(7.19) 



where q > 0. A manifestation of the analytic continuation relation (j7.12j) between 
the two solutions is the equivalence [TH] of the systems ()7.14|) . (j7.15J) and ()7.18|) . ()7.19|) 
under the substitution 

£ ^ - Ji , S^J 2 , J 1- -£ , (7.20) 

and the analytic continuation from q > to q < in the elliptic integrals. 

7.3 Energy as function of spins 

Depending on a region of parameter space (or values of the integrals of motion) one 
finds different functional form of dependence of the energy on the two spins. A direct 
comparison with gauge theory is possible in the case when the two spins are large 
compared to v^A , i.e. S 1, J 1 in the (S, J) case and J x ^> 1, J2 3> 1 in the 
(Ji, -h) case. We can then expand the energies, e.g., in powers of the total S 5 spin 
J . This amounts to an expansion in (inverse) powers of J = J3 = -4=- in the (S, J) 

case and of J = J\ + J2 = ~j^~{Ji + J2) i n the (J±, J 2 ) case, respectively, 

E = S + J+ ^e 1 d)+ ^-e 2 & + ... , J = J 3 , J,5»v / A, (7.21) 

J J J A J 

E = J+ ^e 2 A + --- , J = Ji + J 2 , J 1 ,J 2 >v / A . (7.22) 

J J J 6 J 

The coefficient functions e n and e n in ()7.21j) and ()7.22|) (the analogs of c n in ()1.2|) ) 
can be related, given that the two solutions are related by the analytic continuation 
fl7.2()|) . By expanding in large spins one finds a simple relation between the leading- 
order ("one-loop") corrections for the energies of the two solutions [TH] : 

Uv) = ~ei(-y) ■ (7.23) 

The same relation is obtained also on the gauge-theory side |19j . 

^The Jacobi elliptic function sn(u,q) is defined by u = P' in (" ,q ' dy Equivalently, if 

sn u — smcf) then u = f n , == One has also dn 2 (w,q) + q sn 2 (u, q) = 1 and cn 2 (u, q) + 

u 1— qsin 2 a 

sn 2 (it, q) = 1. These three functions (given by ratios of theta-functions) are meromorphic. Also, 
sn(— u, q) = — sn(u, q) and sn(u + 21, q) = — sn(u, q), where the half-period is / = K(q). 
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Eq. flESfl follows also directly from (jHH)) and (fTTC|l or the systems fj7T4]) . (f7T5|) 
and ()7.18|) . (j7.19|) . In the (Ji, J2) case, expanding the parameter q for large J as (with 
^7 being J x + J" 2 ) 

q = qo + ^ + ^j + -- - , (7.24) 

one finds that qo is given by the solution of the transcendental equation 



E (<lo) 1 J2 J2, 

%j = 1 " 7 ' q ° = qo( 7 ) • (7 - 25) 

The rest of the expansion coefficients in q and the energy (J7.22J) are then determined 
simply by linear algebra. In particular, one finds ^5] 

ei = ^K(q )[E(q ) - (1 - q )K(q )] . (7.26) 

In the (S, J) case, using the same expansion ()7.24|) for the corresponding parameter 
q in (j7.13j) where now J = J% we find that qo satisfies 

E(qo) ,,S ,S 

km = 1 + 1 ' q ° = qo( j } ' (7 ' 27) 

and also 

~"r2 



e 1 = -^K(q )[E(q )- 



Comparing ljT25|) . ljT2fl|) to (fT27jl . (f73H|l and observing that to the leading order ffTT^I 
implies J 2 — > S", J — > — J, we indeed observe the relation (J7.23J) . or (ei) qo = — (ei)_ qo . 

Let us now comment on dependence of the energy on the spins in other regions 
of the parameter space. Let us start with the (S, J) solution. In the limit of short 
strings with J <C 1, S <C 1 one finds [TT] 



E = \/J 2 + 2V\ S + ... . (7.29) 

This limit probes a small-curvature region of AdSs where p ~ 0, and where the energy 
spectrum should thus be approximately the same as in flat space. Indeed, (17.29)) is 
the standard relativistic expression for the energy of a string in flat space moving with 
momentum J and rotating in a 2-plane with spin S. If the boost energy is smaller 
than the rotation one, i.e. if J 2 <C S, then we get the flat-space Regge trajectory 



relation E « \/2y/X S + —d . Such expression (with a non-analytic dependence 

2\/2-J\ S 

on A) cannot be directly compared to SYM theory before one computes all quantum 
string sigma model corrections (and resums them to have a regular A — > limit). 
For short strings with J ^> 1 (and thus with J ^> S) 

A 9 

E=J + S + — + ... . (7.30) 
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This corresponds to the BMN limit with 5" playing the role of the string excitation 
number [TT].* One may also consider a "near BMN" limit 4 <C 1 of this two-spin 
solution nn 

E = J+s f^-^- 1 jrf+--- > ( 7 - 31 ) 

This represents the near BMN limit for a total of S excitations of the oscillation modes 
with n — ±1. Thus solving non-linear classical sigma model equations gives the same 
semiclassical spectrum as expanding the sigma model action near a point-like geodesic 
and then quantizing the small-fluctuation Lagrangian. We see that there is an overlap 
between the leading-order (large VX ) quantum spectrum obtained by expanding near 
5' 5 -boosted point-like string state with no rotation in AdS^and a classical spectrum 
obtained by expanding near a highly boosted and rotating string solution. This sup- 
ports the suggestion [HJ [TTJ H2] that parts of semiclassical AdS$ x S 5 string spectrum 
can be captured by expanding near different classical string solutions. 

Other asymptotic expressions are found when 5* is large. In this case the string 
can become very long and approach the boundary of AdS$, i.e. po — ► oo. For J <C 
In 5, S > 1 one finds £ « S + \ In 5 + fgj, i.e. dU 

_ „ vA , S* 7rJ 2 

+ — - ln-=- + — = =- . 7.32 

7T 2VAln-^- 

In the limit of J = this reduces to the remarkable In S behaviour found in [H] for the 
single-spin AdS$ rotating string solution in AdS$. Having only large AdS§ spin thus 
does not lead to an analytic dependence of the energy on A and, not surprisingly, is 
not enough to suppress quantum string sigma model corrections. Indeed, the 1-loop 
string correction shifts the coefficient of the lnS* term by a constant [H], and, in 
general, the classical vA coefficient should thus be replaced by an "interpolating" 
function^ 



E = S + /(A) hxS + ... , /(A) A>>1 = ^— + ai + + ... . (7.33) 



The AdS/CFT correspondence implies that after a resummation /(A) should admit 
a regular weak-coupling expansion /(A)a<i = <7iA + q 2 \ 2 + with (J7.33j) repro- 
ducing the anomalous dimension of the corresponding gauge-theory operators like 
tr($£> 5 $) + ... (see [12]). 

■I- The BMN case corresponds to expanding near a point-like string moving along big circle of 
S 5 . In the limit J — > oo, -j^-=fixed one may drop all but quadratic fluctuation terms in the string 
action (which becomes then equivalent to the plane- wave [3] action [5] in the light-cone gauge). 
The energies of fluctuations above the BPS ground state E = J are then determined by the string 
fluctuation masses given by m 2 = -jj = 

§The one-loop coefficient computed in ^T] is a\ rts — ^Mn2. We use this opportunity to correct 
factor of 1/2 misprints in eqs. (6.6) and (6.9) in 
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In the intermediate case where In ^ <C J <C S we get 



J 

B = s + J+ 2^7 ln2 f + < 7 - 34 > 

In contrast to the large J limit of the short string (small S) case (|7.3H1 here the 
third correction term is not related to the BMN-type spectrum: there the boost is 
large and string oscillations are small, while in the long-string case the spin S is 
always larger than the boost parameter J . Eq. (J7.34)) appears to be analytic in A 
and, assuming that string loop corrections to the coefficient of the In 2 j term are 
suppressed in the limit S ^> 1, J> 1, one could hope to relate the In 2 § term 
to the 1-loop anomalous dimension of the gauge-theory operators with large spin 
and large -R-charge. Indeed, (I7.34J) may be viewed as a special case of ()7.21|) . where 
?i ~ hi 2 j. This asymptotics is indeed observed on the gauge theory side as a 
special case of the general relation between the string theory and the gauge theory 
results for the function ei(f ) established in [TH]. One concludes, in particular, that 
the coefficient of the InS term in the anomalous dimensions of the corresponding 
Af = 4 SYM operators with large spin and large R-charge J is indeed suppressed also 
at weak 't Hooft coupling. 

A similar analysis can be repeated for the (Ji, J 2 ) solution. The energy of a short 
string rotating in S 5 with J x ^> 1, J\ 3> Ji is given by a BMN type expression (cf. 

E = J+^ + ... , J 2 < Ji , J=Ji + J 2 . (7.35) 

The full expression in the near BMN limit is (cf. (17.311) ) 

To compare to the BMN case we may set J\ — J and then J 2 represents the number 
of excitations. 

Making string longer corresponds to increasing the spin J 2 . For example, at 
Ji = J2 we get [T7] 

E = J+ a- + . . . , d = ei (i) = 0.356 . . . , J 2 = J 1 = ^J. (7.37) 

When J 2 — > J = Ji + J 2 , i.e. Ji becomes small, the string extends over half a great 
S 5 circle and [TH] 

^ = ■7+ 2 , n 2A ; /n +... = J+4t + --- , ^2~J. (7.38) 

TV 2 J{1 — J2/J) 7T Ji 

The point where J 2 = J can be viewed as a transition point: one half of the string 
can be unfolded to give a circular string discussed below. Alternatively, the case of 
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J\ = can be studied by starting with a single-spin folded rotating S 5 solution with 
its center of mass at rest at a pole of S 5 jH] . In this case for J = J 2 1 one finds |B] 

E = J+-VX +... , ^"<1. (7.39) 

7T J 

Like in the single-spin AdS*> case (cf. fl7.32j) ) here the expansion of the energy is not 
analytic in A, and one expects that quantum sigma model corrections should promote 
the subleading v^A term into a nontrivial function h(X) = - \/\ + ki + -y=- + 



7.4 Circular two-spin solution 

In addition to the "homogeneous" circular two-spin solutions discussed in section 6 
there are also different circular two-spin solutions of the Neumann system f|4.17|) with 
Vi — that generalize the "round circle" J\ = J 2 solution of [Hj to the case of J\ ^ J 2 
|18j . The circular string solution is given by the same ansatz (I7.1()j) as for the folded 
string but now if) (a) is assumed to be periodic modulo 2n 

i/;(a+ 2tt) = ip{a) + 2nk . (7.40) 

In what follows we shall set the winding number k to be 1. In general, in spherical 
coordinates (7, ip) the equations of motion (|7.4jl describing this type of string are 
7 = f and ip" + o w 2i sin2'0 = 0, w\ x = w\ — w\. Integrating once, we get ip' 2 = 
^^(q -1 — sin 2 ip), where q is an integration constant. If q > 1, then q _1 = sin 2 ipo and 
this solution describes a folded string extending from —ipo to i/jq. If instead q < 1, 
then there is no turning point where ip' = 0, and the solution describes a circular 
string extending all the way around the equator 7 = f with ip from to 2tt: instead 
of folding back onto itself, the string wraps completely around a great circle of S 5 . 
In the limit q — > 0, this solution approaches the circular string with J\ = J 2 . Thus 
the parameter q provides an interpolation between the circular and the folded string 
configurations. Note that after a rescaling ip — > the equation for ip describes 
a plane motion of a pendulum in a gravitational field. Clearly, the rotation of the 
pendulum requires more energy than the oscillatory motion and this explains why 
the energy of the circular string is bigger than that of the folded one. 

The radial coordinates in f|4.2j) in the circular case are given by (cf. (|7.17J) ) 

cos ip(a) = r±(a) = sn(Aa, q) , singer) = r 2 (cr) = cn ( Aa, q) , (7-41) 

where again r% = and A = -K(q). 

The set of equations for the energy and spins of this solution is (cf. (17.16)) ) [T5] 

*-t(«- i+ IS)- (742) 

K(c i ) = ^ ] j 1 -(wl-w!) . (7.43) 
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Solving for wi, W2 we get a system of two equations for £ = £{Ji, J2) similar to the 
one in (f71K j) .(f7T3 j) 

/ c \ 2 / ^ T \ 2 A 

(7.44) 
(7.45) 

Note that the ansatz for the circular solution is symmetric under J\ <-» ^2,^ and this 
symmetry may be seen by applying a modular transformation to the elliptic integrals 

E(g') 




IE1IISI: K(q) = vT^K(q'), E(q) = ^LL, 1 - q = ^. 

In the limit when both spins are large we can expand q and the energy in powers 
of i.e. q = q + ft + J = Ji + J 2 , and (cf. JZ21 , JZ2SJ , JZ2SJ ) 

£ = + , (7-46) 

The same relations for ii(^f) in (J7.47j) were reproduced for the corresponding 1-loop 
anomalous dimension on the gauge theory side [H)J EH EH] . 

One may also construct other similar solutions, e.g., by combining a folded string 
solution in AdS§ with folded or circular (Ji, J 2 ) S 5 solution. In this case the energy 
will be given by a system of three parametric equations involving £ , S, J\, Ji- Such 
(S, Ji, J2) solutions may be related by an analytic continuation to special (Ji, J2, J3) 
solutions. 



To conclude, as we have seen on the examples discussed above, to have regular (|1.2j) 

j 2 



dependence of the string energy on 4 < 1 we need at least one large "center-of-mass 



momentum in S* 5 . In such case quantum sigma model corrections are expected to be 
suppressed in the limit J> 1, and thus the classical string energy should represent the 
exact gauge-theory anomalous dimension computed in the limit J ^> 1, to all orders 
in perturbative expansion in A. This was explicitly verified (for the leading "one-loop" 
j term) for several types of such "regular" spinning string solutions [THl EHl ESI HI] • 
Having large spins in AdS^ only or only one large spin (with center of mass being 
at rest) in S 5 appears to be not enough for the energy to have an expansion in even 
powers of ^j- (note that the circular (S, J) solution of the NR system discussed in 
section 6.2 represents an exception from this rule, cf. ([6.29)) ). In these latter cases 
quantum sigma model corrections are not expected to be suppressed in the large spin 
limit and thus the classical v^A -coefficients of the leading terms in the expansion 
of the energy should become promoted by the string quantum 7^= corrections to 

^The direct limit J2 = is not, however, well-defined for a circular (Ji, J2) case. 
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non-trivial "interpolating" functions of A. The latter should be resummed before one 
may try to compare to perturbative gauge-theory results. Comparing string theory 
to gauge theory at a quantitative level in such cases remains a challenge. 

8 Open questions and generalizations 

The above discussion of particular string solutions with "regular" expansion of the 
energy E in powers of raises several questions. 

Since the direct comparison with gauge theory at present can be done only in 
the J — > oo limit and in expansion in 1 it would be interesting to classify 

all possible solutions with such property (jl.2j) of the energy. One may also try to 
derive the general expression for the leading order coefficient in E — J + ~ci + 
i.e. for ci as a functional on a space of such solutions. An interesting work in this 
direction is [12] which utilizes the observation [12] that the induced world-sheet metric 
of rotating strings with large J becomes degenerate, and that one can then develop a 
perturbative expansion near such world sheet. Deriving equations for the functional C\ 
(with the expressions in ([6.27)1 . ([7.26)1 . ([7.28)1 and ()7.47[) as special solutions) may help 
to establish the correspondence with spin chain energy eigenstates in a more universal 
way than the presently known procedure based on association of a particular Bethe 
root distribution with a particular string solution [TBI EH I2JJ • 

It remains also to prove that for all solutions with "regular" expansion of the 
energy in 1 quantum superstring sigma model corrections are indeed suppressed 

by extra -j^ factors as in (jl.5jl . The underlying supersymmetry of the AdS§ x S 5 string 
theory is certainly important for that conclusion, and a possible role of asymptotic 
supersymmetry at finite J and A — ► observed in [12] for simple S 5 rotating solutions 
remains to be clarified. The string/gauge theory matching for a pulsating solution 
in [2JJ (when the A — > limit does not give a BPS state) seems to indicate that 
suppression of quantum sigma model corrections may occur even under more general 
conditions. 

More generally, as discussed in section 1, the full expression for the classical energy 
of a "regular" solution E = v^A £(h=-, ...) should be representing the exact dimen- 
sions of the corresponding gauge-theory operators computed in the large J limit. 
Here we assume that like the energy on the string side, the anomalous dimension 
on the gauge theory side should admit a regular double expansion in < 1 and 
j — > 0, i.e. should have the form (jl.7jl . ()1.8)) . This remains to be proved in general 
for multi R-charge/spin SYM operators. The full expression for the classical energy 
should be a solution of some differential equations or an equivalent system of alge- 
braic or transcendental equations involving moduli parameters of the string solutions 
(cf. dni22])-(E21 or (I7~T4T) . (I7~TK|) and ([7 ^1 . ([7 ^1 . see also [3S]). Thus, like in the 
examples discussed above, the full expression for the energy E should be effectively 
determined by its leading-order term c\. That suggests a possibility to derive (in 
large J limit) the exact in A expressions for the corresponding anomalous dimensions 
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in SYM theory. By analogy with how the simple square root expression J 1 + -j2 n2 of 
the near-BPS BMN case was reproduced in [TO], one may expect that in the J — > oo 
limit there may then be a relation between the values of anomalous dimensions (or, 
in fact, the expressions for the dilatation operator restricted to a particular subsector 
of states) at different orders in expansion in A. 

Let us add that while the full expression for the classical string energy comes 
from the conformal gauge constraint (and looks like a "relativist ic" expression E 2 = 
J 2 + 2\/A c\ + ...) the 1-loop anomalous dimensions on the SYM side are obtained by 
solving the quantum spin chain Hamiltonian eigenvalue problem (A — J — a\ j + ...), 
which looks like a first term in a "non-relativistic" expansion. It would be important 
to understand how the perturbative series on the SYM side can be summed up, 
i.e. how the 1-loop expression for anomalous dimension can be promoted to the 
full "relativistic" expression without order-by-order analysis of modification of the 
dilatation operator (interpreted as a generalised "non-local" spin chain Hamiltonian, 
cf. 03 HH]). 

Another interesting problem is to compare subleading terms in 1/ J expansion, 
as was done in the BMN case in |4T"[ l4*T].* This will involve computing one- loop 
correction to the classical string energy (|1.5|) and comparing it with the subleading 
correction to the "thermodynamic" limit of the 1-loop Bethe energies. Note that the 
1-loop (order A) SYM result for the anomalous dimension for any value of J, i.e. 
qx(J) in (jl.7|) . should represent the sum of all string sigma model loop corrections 
to the leading j term (ci coefficient) in (jl.2j) . The subleading 1/J terms should be 
governed by the same integrable structures on the two sides of the duality. For any 
value of J, one certainly expects that, in view of the conformal invariance of the 
AdSz x S 5 string theory (absence of mass generation), the classical integrability of 
the AdS§ x S 5 sigma model [HZ] should have a direct extension to the quantum level. 
On the J\f = 4 SYM side, there are strong indications that the one- and two-loop 
integrability of the dilatation operator extends to all loop orders |H3 """""J EH] • 

It is important to understand if the precise check of the string-theory / gauge- 
theory correspondence in the large spin sector of states may be extended to other 
semiclassical string states with large oscillation numbers. An indication that this 
is indeed the case comes from recent work "2""]. As was noticed earlier in [55] , the 
circular string oscillating in S 5 (but not in AdS§) has energy that admits a regular 
expansion in where N is the oscillation level number. The leading term in this 
expansion was matched in [J""] [""""] onto a particular eigenvalue of the corresponding 
[2*2"] SO (6) spin chain Hamiltonian. 

This raises the question of generalization of the rotation ansatz ()4.2|) . (j6.1j) of the 
previous sections to include the possibility of string oscillations, i.e. of changing 
of string shape in time. It is not a priori clear which should be the most general 

* Since the classical energy of multi-spin (say (Ji, J2)) solutions reproduces the near-BMN spec- 
trum in the limit J\ ^ J 2 (sec (~"""""""J), computing the 1-loop sigma model correction to the energy 
would the effectively determine the 1/J (2-loop, in BMN case) correction to the BMN spectrum and 
thus could be compared to the result of |401 . 



18 



rotation/oscillation ansatz for the a and r dependence of the AdS$ x S 5 coordinates 
consistent with the full 2-d classical sigma model equations of motion, but for each 
consistent ansatz one should expect that the 2-d sigma model should again reduce to 
an integrable 1-d system, whose solutions (and thus their energies) could be found in 
a relatively explicit way. t 

An example is provided by a "2d-dual" version of the rotation ansatz (J4.2)) with 
r and a interchanged (but keeping the AdS$ time as t = kt), i.e. [35] 

3 

X, = Zi {r) e m * a = r i (r)e <a< W +imi<T , E r > ( r ) = 1 ■ ( 8 - X ) 

In this case the radial directions depend on r instead of a and the "frequencies" m« 
must take integer values in order to satisfy the closed string periodicity condition. 
This ansatz describes an "oscillating" or "pulsating" S 5 string configurations, special 
cases of which (with motion in both AdS$ and S 5 ) were discussed previously in 
[23 El I!!! UJ1 l2"T] . Since the sigma model Lagrangian ()2.6|) is formally invariant 
under o <-> r, the resulting 1-d effective Lagrangian will have essentially the same 
form as ([4~TT|) . (f4~T5|) 

L = ~ X>i* - mUz*) + ^A(E - 1) • (8.2) 
/ i=i A i=i 

Solving for dj as in ()4.16|) we get r 2 dj = J/^const, where the counterparts of the 
integration constants v t are now the angular momenta in (J4.7)) . Then we end up with 
the following analogue of (J4.17)) 

L = \jltf- m?r? - ^) + l A (Yl r i ~ 1) • (8-3) 

i=l i j=l 

Thus pulsating solutions (carrying also 3 spins Ji) are again described by a spe- 
cial Neumann- Rosochatius integrable system Since the corresponding conformal 
gauge constraints are also r <-» <r symmetric, they take the form similar to ()2.7|) . (j2.8|) 

or ([470^ . ([OH]) : k 2 = J2 3 i=i(rf+m^rf + ^l) and J2i=i m iJi = °- 0ne may then look for 
periodic solutions of the above NR system (|8.3|) subject to the above constraints con- 
straint, i.e. having finite 1-d energy. The resulting class of pulsating string solutions 
deserves a detailed study. In the simplest ( "elliptic" ) case reducing to a sine-Gordon 
type system we may follow [721 USE EH] an d introduce, as for any periodic solitonic 
solution, an oscillation "level number" N. In the case of the S 5 pulsating solution in 
jHHl 121] the expansion of the energy at large level N ^> 1 appears to be regular in ^ 
and, moreover, the leading ^ term in E can be matched onto a particular anomalous 
dimension on the SYM side fBl [^ . 

'''An alternative to direct procedure of finding classical solutions may be the semiclassical quan- 
tization method used in (2U GIB EH ■ 
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One would certainly like to go beyond comparison of particular string states to 
particular SYM operators and to establish a more general relation between the string 
sigma model and the dilatation operator on the SYM side, implied by the emergence 
of similar integrable structures on the two sides [23 EI] • The spin chain Hamiltonian 
may be associated (in a thermodynamic limit) to an effective coset sigma model 
with the same global symmetries. Then one may hope to relate this sigma model to 
( J — > oo limit of) the string sigma model by a kind of duality transformation (for a 
recent progress see [77]).* 

Finally, one would like also to extend the successes of checking the gauge/string 
duality in the non-supersymmetric semiclassical sectors of states from M = 4 SYM 
theory to less supersymmetric gauge theories. As was already mentioned in the 
introduction, evidence of integrable structures in the high-energy (near-conformal) 
limit of QCD appeared in [2111231231271121], and so the spin chain relation of the the 1- 
loop dilatation operator of Af = 4 SYM theory [221 123 EH] should have generalizations 
to other N = 1,2 supersymmetric theories (and not only in twist 2 sector [73]). 
On the string side, while finding similar classical rotating string solutions in other 
less supersymmetric conformal AdS^ x M 5 (and non-conformal, see, e.g., (23 174] ) 
backgrounds in type IIB theory or its orbifolds is, in principle, straightforward, it is 
not clear if the string sigma model corrections to the leading terms in the classical 
energy are again suppressed in the J — > oo limit. For example, in the single S 5 
spin point-like string (BMN) case in type string theory setting [75] there is a non- 
trivial 1-loop string correction to the energy of the twisted-sector states (which is 
non-analytic in but going to zero when — > 0) [7S]. Similar corrections are 
expected also for extended spinning string solutions, complicating direct comparison 
to perturbative gauge theory results. 
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